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Abstract. It is known that the set of all solutions of a commutant lifting and 
other interpolation problems admits a Redheffer linear-fractional parametriza- 
tion. The method of unitary coupling identifies solutions of the lifting problem 
with minimal unitary extensions of a partially defined isometry constructed ex- 
plicitly from the problem data. A special role is played by a particular unitary 
extension, called the central or universal unitary extension. The coefficient 
matrix for the Redheffer linear-fractional map has a simple expression in terms 
of the universal unitary extension. The universal unitary extension can be seen 
as a unitary coupling of four unitary operators (two bilateral shift operators 
together with two unitary operators coming from the problem data) which has 
special geometric structure. We use this special geometric structure to obtain 
an inverse theorem (Theorem 18.41 as well as Theorem l9.3l l which characterizes 
the coefficient matrices for a Redheffer linear-fractional map arising in this 
way from a lifting problem. When expressed in terms of Hellinger-space func- 
tional models fTheorem lf 0.3|l . these results lead to generalizations of classical 
results of Arov and to characterizations of the coefficient matrix-measures of 
the lifting problem in terms of the density properties of the corresponding 
model spaces. The main tool is the formalism of unitary scattering systems 
developed in [18], [45] . 



1. Introduction 

One of the seminal results in the development of operator theory and its ap- 
plications over the past half century is the Commutant Lifting Theorem: given 
contraction operators T' , T" on respective Hilhert spaces %' , %" with respective 
isometric dilations V' and V" on respective Hilbert spaces K,' D %' and K," D %" 
and given a contractive operator X : %' ^ %" such that XT' = T" X , then there 
exists a operator Y : K,' ^ K." also with \\Y\\ < 1 such that YV' = V"Y and 
XPu' = P-W'Y (where P-w and P-h" are the orthogonal projections of K,' to T-L' and 
JC" to Ti," respectively). It is well known that the general case can be reduced to the 
case where T' — is an isometry on a Hilbert space )C'_^ with unitary extension U' 
on K.' D IC'_^_ and where T" is a coisometry on /C" with unitary lift U" on K," D JC'L- 
Then this normalized commutant lifting problem can be formalized as follows: 

Problem 1.1 (Lifting Problem). Given two unitary operators U' and U" on 
Hilhert spaces K,' and IC" , respectively, along with subspaces /C^ C /C' and IC'1_ C /C" 
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that are assumed to be * -cyclic for lA' andlA" respectively (i.e., the smallest reducing 
subspace JorlA' containing K,'^ is the whole space K,' and similarly for hi" and K,"_) 
and such that 

U'JC'^ C JC'+, U"*JC"_ C JC"_., (1.1) 

and given a contractive operator X : IC'_^_ — )• /C" which satisfies the intertwining 
condition 

XW'k; = Pk'i^"X, (1.2) 

characterize all contractive intertwiners Y of iU' ,K.') and ilA" ,K.") which lift X in 
the (Halmos) sense that 

Pk'lY\k'^^X. (1.3) 

An important special case of this theorem was first proved by Sarason [64 ; there 
he also explains the connections with classical Nevanlinna-Pick and Caratheodory- 
Fejer interpolation. Since the result was first formulated and proved in its full 
generality by Sz.-Nagy-Foias [51] (see also [SS]), applications have been made to 
a variety of other contexts, including Nevanlinna-Pick interpolation for operator- 
valued functions and best approximation by analytic functions to a given L°°- 
function in L°°-norm (the Nehari problem) — we refer to the books [21] and [22] for 
an overview of all these developments. Moreover, the theorem has been generalized 
to still other contexts, e.g., to representations of nest algebras/time- varying systems 
[20] [22] as well as representations of more exotic Hardy algebras [Ml [SU HSl O |7TJ 
[521 [5D] with applications to more exotic Nevanlinna-Pick interpolation theorems 
[60l [6T1 [53l [62] . There has also appeared a weighted version [72l [17] as well as 
a relaxed version [49] [23l [25l |29] of the theorem leading to still other types of 
applications. There are now also results on linear-fractional parametrizations for the 
set of all solutions (see [3l|44] for the Nehari problem — see also [58] Chapter 5] for an 
overview, see [H] Chapter XIV] and dH Theorem VI. 5.1] and the references there 
for the standard formulation Problem ll.ll of the Lifting Problem, see [55] [121130] for 
the relaxed version of the lifting theorem); in the context of classical Nevanlinna- 
Pick interpolation, such parametrization results go back to the papers of Nevanlinna 
[56] [57]. 

The associated inverse problem asks for a characterization of which Redheffer 
linear-fractional coefficient-matrices arise in this way for some Lifting Problem. The 
inverse problem has been studied much less than the direct problem; there are only 
a few publications in this direction ( [T] EO] [42] . We refer also to [32 ] [33 ] [66 ] [67] ) for 
some special cases of the inverse Lifting Problem (Nehari problem and Nevanlinna- 
Pick/Caratheodory-Schur interpolation problem), and the quite recent work [31] 
on the inverse version of the relaxed commutant lifting problem. 

Our contribution here is to further develop the ideas in [44] [45] to obtain new re- 
sults on the inverse problem (Theorems I8.4[ [9?3l 110. 3p in terms of certain invariants 
associated with a Hellinger-space model for the Lifting Problem. 

The starting point for our approach is the coupling method first introduced by 
Adamjan-Arov-Krem [5] and developed further in[Tni[l[51[Ml[3Il[5Il[351IMllll 
[331 [331 [35] US] [3S] (some of these in several- variable or relaxed contexts — see also 
[65] for a nice exposition). In this approach one identifies solutions of the Lifting 
Problem with minimal unitary extensions of an isometry constructed in a natural 
way from the problem data. We use here the term isometry (sometimes also called 
semiunitary operator) in the following technical sense: we are given a Hilbert space 
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Ho E^nd subspaces V and 2?* of Hq together with a hnear operator V which maps 2? 
isometrically onto I?* ; we then say that V is an isometry on Hq with domain V and 
codomain . By a minimal unitary extension of V we mean a unitary operator U 
on a Hilbert space IC containing as a subspace such that the restriction of U to 
V agrees with V and the smahest Z/^-reducing subspace containing Ho is all of IC. 
From the work of Arov-Grossman [SI |9] and Katsnelson-Kheifets-Yuditskii [34|, it 
is known that there is a special unitary colligation Uq (called the universal unitary 
colligation) so that any such unitary extension U* of V arises as the lower feedback 
connection U* — J-'i{Uo, Ui) of Uo with a free-parameter unitary colligation Ui (see 
Theorem 16. ip . A special unitary extension of V is obtained as the unitary dilation 



Uq of the universal unitary colligation Uq (or, in the language of [10 , Uo is the 
unitary evolution operator for the Lax-Phillips scattering system in which Uo is 
embedded). This special unitary extension Uq of V is called the universal unitary 
extension. 

Unlike other contexts where the "lurking isometry" approach has been used 
(see in particular [34, 46l |43l |47l [M] ) , the connection between unitary extensions 
U* of V and (t/',Z//")-intertwiners Y solving the Lifting Problem, as in [HI |45] . 
involves an extra step: computation of the lift Y from the unitary extension U 
is not immediately explicit but rather involves a wave-operator construction de- 
manding computation of powers ofU. The lift Y is uniquely determined from its 
moments wyin) — i^Y^i where and i are certain isometric embedding operators 
(or scale operators in the sense of [18|). Calculation of such moments (the collection 
of which we call the symbol of the lift Y) requires the computation of powers of 
U* = Fi{Uo, Ui) in terms of the coefficients of the universal unitary colligation Uo 
determined by the problem data and the coefficients of the free-parameter unitary 
colligation Ui (or in terms of its characteristic function w(C))- In Section [2] we 
identify a general principle of independent interest for the explicit computation of 
the powers of an operator U* given as a feedback connection U* = J-£{Uo, Ui) of 
two unitary colligations Uo and Ui. With the application of this general principle, 
we arrive at an explicit Redheffer-type linear-fractional parametrization of the set 
of symbols {wy(n)}„gz associated with the set of solutions F of a Lifting Problem 
(see Theorem 17. 1[) . The symbol for the Redheffer coefficient matrix is a simple 
explicit formula in terms of the universal unitary extension Uo (^^e formula (|8.40p 
in Theorem 18.61 below) . 

This general principle (already implicitly present in |44 ) can be summarized as 
follows. Suppose that the operator U is given as the lower feedback connection 
lA* = J-e{Uo, Ui) oi two colligation matrices 



Un = 



Ao Bo 
Co Do 





Xo 




Xo 




V 







Ai Bi 





Xi 












V 



(In our context we always have Do = 0). Associated with any colligation matrix 



^^IcBl - [fl^^lfi]^^ discrete-time linear system 



x{n + 1) 
e*(n) 



= U 



x(n) 
e(n) 



x{0) = a;o 



(1.4) 



which recursively defines what we call the augmented input- output map (extending 
the usual input-output map in the sense that it takes into account an initial condi- 
tion a;(0) = Xo not necessarily equal to zero as well as the internal state trajectory 
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{x{n)}nez)- 

w{uy 



W{U)+ 
WiU)+ 



W{U)t 
WiUo) + 





Xq 






_{e{n)}n<EZ+_ 





{x{n)}nei.+ 
{e*(n)}„gz^ 



if {e{n),x{n),e^{n)}n£z+ solves the system equations (|1.4p . Then the general prin- 
ciple asserts: powers of U — J^i{Uo,Ui) can be computed via performing a 
feedback connection at the system-trajectory level: 



Fi{W{Uq)+,W{Ui 



The general structure for the universal unitary extension Uq with embedded 
subspaces related to the original problem data {Li',]C'), {h(",JC") and coefRcient 
spaces A, A* for the free-parameter characteristic function can be viewed as a 
four-fold Adamjan-Arov (AA) unitary coupling in the general sense of [I]. In this 
setting one can identify the special geometry corresponding to the case where the 
four-fold AA-unitary coupling arises from a Lifting Problem. In this way we arrive 
at the inverse theorem (Theorems [ 



31 19.31 110. 3|) , specifically, a characterization of 
which Redheffer coefficient matrices arise as the coefficient matrix for the linear- 
fractional parametrization of the set of all solutions of some Lifting Problem {with 
given operators W ,U" and subspaces IC'_^_ C /C',/C" C K." ) generahzing results 
of [3 HOj 112] obtained in the context of the Nehari Problem and the bitangential 
Nevanlinna-Pick problem. 

The solution of the inverse problem for the Lifting Problem as presented here 
appears to be quite different from the inverse problem considered in [31] . We 
discuss the connections between the results of this paper and those of [31] in detail 
in Remark 17.31 (for the direct problem) and in Remarks 19.51 111.51 (for the inverse 
problem). 

The paper is organized as follows. After the present Introduction, in Section [2| 
we present the general principle for computation of powers of U — J-'e{Uo, Ui) via 
the trajectory-level feedback connection of the augmented input-output operator 
of Uq with that of Ui . Section [3| reviews preliminary material from jl8j concern- 
ing Hellinger-space functional models for unitary operators equipped also with a 
scaling operator. Section |4| reviews basic ideas from [1] concerning the correspon- 
dence between contractive intertwiners Y of two unitary operators W and U" on 
the one hand and unitary couplings U of W and U" on the other. Section [5] adds 
the constraint that the intertwiner Y should be a lift of a given contractive in- 
tertwiner X of restricted/compressed versions U'^, U'l of W , U" and identifies the 
correspondence between solutions Y of the lifting problem and unitary extensions 
U* of the isometry V constructed directly from the data for the Lifting Problem. 
Section |6] recalls the result from [8l[9] that such unitary extensions arise as the lower 
feedback connection of the universal unitary colligation with a free-parameter 
unitary colligation Ui. Section [7| uses the general principle from Section [2] to obtain 
a parametrization for the set of symbols {wy in)} n^z associated with solutions Y 
of the Lifting Problem. Section [5] introduces the universal unitary extension. Here 
the universal unitary extension is identified as the four-fold AA-unitary coupling of 
the two unitary operators W , U" appearing in the Lifting-Problem data together 
with the bilateral shift operators associated with the input and output spaces for 
the free-parameter unitary colligation. Here the special geometric structure is iden- 
tified which leads to the coordinate-free version of our inverse theorem (Theorem 
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I8.4p characterizing which four-fold AA-unitary couplings arise in this way from a 
Lifting Problem. Here also is established the formula for the Redheffer-coefficient 
matrix in terms of the universal unitary extension. Sections 1^1 and [TUl convert these 
results to more concrete function-theoretic form in the setting of Hellinger-model 
spaces. In particular, we get two more concrete versions of the inverse Theorem 18. 41 
(Theorems 19.31 and II . 3p . In Section [TT] we apply our results to the classical Nehari 
problem. 



2. Calculus of feedback connection of unitary colligations 



Suppose that we are given linear spaces Xq, Xq, Xi, Xi, T , and linear operators 
presented in block matrix form 



C/o = 



Bo 

Co 

Ai Bi 





Xq 




Xq 




T 




















T 



We define the feedback connection U := J-e{Uo,Ui): [ ^° ] 

by 



(2.1) 

(when it exists) 



^Ao Bq 
Co Do 



xo 




Xo 






Xl_ 


Xo 




Xo 


f 




f* 



if there exist f G J- and /* e J^* so that 
and 



We also define the elimination operator T£{Uo, Ui) (when it exists) by 



TiiUo.Ui 



if there exist xo,xi so that (|2.2p holds. 



(2.2) 



(2.3) 



As explained in the following result, the feedback connection and elimination oper- 
ator exist and are well-defined as long as the operator / — DiDo is invertible as an 
operator on T . 

Theorem 2.1. Suppose that we are given block- operator matrices Uo and Ui as in 
(|2.ip . Assume {I — DiDo)~^ and hence also {I — DoDi)~^ exist as operators on J- 
and J-<, respectively. Then the feedback connection (|2.2I) is well-posed, i.e., for each 
[%°] G Xo® Xi there exists a unique f (z J- and G J-,, so that the equations (|2.2p 

determine a unique ~° € Xo (B X\ which we then define to be J-e{Uo,Ui){[xl]) . 



More explicitly, the feedback connection operator J-'i{Uo,Ui) : 
by 

WM) 



IS given 



Ao + Bo{I-DiDo)-^DiCo Bo{I - DiDo)-'Ci 

Bi{I - DoDi)-^Co Ai +Bi{I- DoDi)-^DoCi 



(2.4) 



The elimination operator 



which assigns instead the uniquely determined 



to 



is then given explicitly by 



Ti{Uo,Ui 



\l-DiDo)-^DiCo {I-DiDo)-^Ci 
{I-DoDi)-^Co {I-DoDi)-^DoCi 





Xo 




f 




Xl 


f* 



(2.5) 
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Proof. The definition Fi{Uo, Ui)[%\]= ~° means tliat there is / G J" and /, e J"* 
so that (|2.2p holds. From the second equation of the first system in (|2.2p we have 

/* = Coxo + fo/- 
Plug this into the second equation of the second system to get 

/ = Cixi + DiU - Cixi + DiiCoXo + Dof) 
= DiCoXo + CiXi+DiDof. 

Under the assumption that / — DiDq is invertible we then can solve for / to get 

/ = (/ - DM^'DiCoXo + (/ - DiDo)-'CiXi. 

Plug this into the second equation of the first system in (|2.2[) to then get 

/, = Coxo + Do{I - DM'^DiCoXo + Do{I - DiDo)-'CqXi 

^{1- DoDi)-'CoXo + DoD^y^DoCix^. 

In this way we get the formula p.5[) for the elimination operator ri{Uo,Ui). It is 
now a simple matter to plug in these values for /, /, in terms of xq, xi into the first 
equations in the two systems (|2.2p to arrive at the formula (|2.4p for the feedback 
connection operator J^^ (C/q, f^i)- D 

While the formula (|2.4p exhibits J^e{UQ,Ui) explicitly in terms of Uq and Ui, 
direct computation of powers J7" (n = 2, 3, . . . ) of f7 = J-'e{Uo, Ui) appears to be 
rather laborious. We next show how efficient computation of powers J^i{Uo,Ui) 
can be achieved by use of a feedback connection at the level of system trajectories. 
Toward this end, we first introduce some useful notation. 

For Q any linear space, we let £g{Z) (alternatively often written as in the 
literature) denote the space of all t^-valued functions on the integers Z. Similarly 
we let £g{'Zi+) be the space of all Q-valued functions on the nonnegative integers 
Z+; we often identify ig{Z^) with the subspace of ^g(Z) consisting of all Q-valued 
functions on Z which vanish on the negative integers. Similarly, ££;(Z_) is the space 
of all tj-valucd functions on Z_ and is frequently identified with the subspace of 
£g{Z) consisting of all C/-valued functions on Z vanishing on Z+. By and 'P~ 
we denote the natural projections of £g(Z) onto ^g(Z+) and ^g(Z_), respectively. 
Sometimes we will use notations 



it = V+g, g- = V-g. 

We also consider the bilateral shift operator J : g i 
Given a colligation matrix U of the form 



U 



(2.6) 



g', where (fin) = g{n - 1). 



'A 


B 




X 




'x' 


C 


D 




£ 







(2.7) 



we may consider the associated discrete-time input /state/output linear system 

(2.8) 



x(n + 1) 
e,(n) 



U 



x{n) 
e{n) 



Ax{n) + Be(n) 
Cx{n) + De{n) 



Given an initial state a;(0) = xq and an input string e £ ££(Z_|_), the system 
equations (|2.8p recursively uniquely determine the state trajectory x G £x[^+) and 
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the output string e* G Ig, (Z+ ) ; explicitly we have 



k=0 
n-1 



e*(n) = CA'^XQ + ^ C A"^-^-^ Be{k) + De(n) for n = 0, 1, 2, , 



(2.9) 



fc=0 



If we view elements of lx{'^+) (and of i?£(Z+) and Ig^ (^+)) as column vectors, then 
operators between these various spaces can be represented as block matrices. We 
may then write the content of (j2.9p in matrix form as 



X 










x(0)" 












e 



where the block-operator matrix 
W+ 

is given explicitly by 



A 



-w+ 






X 








w+ 








4.(z+). 



(2.10) 



A" 



C 

CA 
CA^ 

CA''-'' 














B 










AB 


B 











A'^-^B . . 


. B 



D 








CB 


D 





CAB 


CB 


D 



CA^'-^B CA^'-^B CA'^-^B 



D 



(2.11) 

The operator is the (forward-time) initial- state/ state-trajectory map, the op- 
erator is the input/state-trajectory map, the operator is the observation 
operator and the operator is what is traditionally known as the input-output 
map in the control literature. We note that the multiplication operator associated 
with after applying the Z-transform 

to the input and output strings e and e, respectively has multiplier 

W+{z) = D + zC{I - zAy'^B 
equal to the characteristic function of the colligation U (also known as the transfer 



function of the linear system (|2.8p ). We shall refer to the whole 2 x 2-block operator 
matrix W"*" simply as the (forward-time) augmented input/output map associated 
with the colligation U. 
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If the colligation matrix U (j2.7p is invertible, then we can also run the system 
in backwards time: 



x{n) 
e(n) 



u- 



x{n + 1) 
e,(n) 



ax{n + 1) + lie^{n) 
jx{n + 1) + 5e*(n) 



(2.12) 



where we set U 



a t3 
7 S 



X (SSif X (B£ ■ In this case, specification of an initial 

state x(0) and of the output string over negative time e* G ££^{Z-) determines 
recursively via the backward-time system equations (I2.12p the state-trajectory over 
negative time x^ € ixCZ^) and the input string over negative time e_ € ^'^(Z-). 
Explicitly we have 



Q"a;(0) + ^ a"-'=/3e,(-fc), 



e(-n) = -fa"-^x{0) + ^ 7a"-Ve*(-fc) + Se^-n) for n = 1, 2, 



(2.13) 



fe=i 



If we write elements x — {a;(n)}„gz_ of £;f (Z_) as infinite column matrices 



^= x{-3) 
x{-2) 
_x{-l)_ 

then linear operators between spaces of the type txC^-) can be written as matrices 
with infinitely many rows as one ascends to the top. Then the relations (j2.13p can 
be expressed in 2 x 2-block operator matrix form as 

(2.14) 



x^ 










x(0)" 








w- 







where the 2 x 2-block operator matrix 
W 

is given explicitly by 









X 








w- 




4.(Z-). 







a" 



a 
a 



"fa 

2 

7a 



a 



n — 3 / 



Q!/3 



a2/3 
a/3 



, w- = 



7a 



Tl — 3 / 



7a"-^/3 7a"^^/3 



7/3 
(5 



7a/3 
7/3 
<5 



(2.15) 



Here the operators Wq' , , and W~ are the backward-time versions of the 
initial-state/state-trajectory, input/state-trajectory, observation and input/output 
operators, respectively, and we refer to the aggregate operator simply as the 
backward-time augmented input-output map. 

Let us now suppose that Uq and Ui are two colligation matrices 



Uo 





Bo 




Xo 




Xo 


Co 


Do 




V 


— >• 


x>* 


Ai 


Bi 




Xi 






Ci 


Di 




v.. 




V 



(2.16) 
(2.17) 



such that / — B)\Do and hence also / — DqDi 
respectively. Then the feedback connection U — 
operator on Xo ® Xi as explained in Theorem 12.11 Then we also have associated 
augmented input-output maps for Uq and Ui given by 



are invertible on V and on 2?* 
J^e{Uo,Ui) is well-defined as an 



+ _ 



W{Uo) 



W(C/i)+ = 



W{Uo)i W{Uo)t' 




Xo 






W{Uo)t W{Uo)+ 










W{Ui)+ W{Ui)+- 










WiUi)+ W{Ui)+_ 




.^P.(Z+) 







Under the assumption that 



W{Ui)+WiUo)^ is invertible on £i,(Z_| 



(2.18) 



(2.19) 



it makes sense to form the feedback connection J'£(W(C/o)+, W(C/i)+). The follow- 
ing lemma guarantees that this connection is well-posed whenever the connection 
J^({Uo,Ui) is well-posed. 

Lemma 2.2. Let Uo and Ui be as in (|2.16p and (j2.17p and assume that I — DiDo 
is invertible on V. Then also I — W{Ui)^W{Uo)'^ is invertible on ix>{'^+)- 

Proof. From the formula for W+ in (P7TU)l and ^(TU^ . we see that W{Ui)+ and 
WiUo)'^ are given by lower triangular Toeplitz matrices with diagonal entries equal 
to Di and Do respectively. Hence / — W{Ui)'^W{Uo)'^ is also lower triangular 
Toeplitz with diagonal entry equal to J — Di-Do- A general fact is that an operator 
on £i5(Z_|_) given by a lower triangular Toeplitz matrix with invertible diagonal 
entry is invertible on £x)(Z+). It follows that / — W{Ui)^W{Uo)^ is invertible on 
£i5(Z+) as asserted. □ 

We now come to the main result of this section, namely: the computation of 
powers of J^({Uo,Ui) via the feedback connection J^e{'W{Uo),'W{Ui)). For this 
purpose it is convenient to introduce the following general notation. For U an 
operator on a linear space /C and Q a subspace of /C with ig: K, ^ Q the adjoint of 
the inclusion map ig: G ^ IC, we define an operator Ag.-|_([/) : /C — > £g;(Z-|_) (called 
the Fourier representation operator) by 

Ae,+ (f/) : k ^ {zaC/"A:}„ez+. (2.20) 

Note that in case we take Q = IC we have simply 

Ak.+ (C/): fc^{C/"fc}„ez+. 

Theorem 2.3. Suppose that we are given two colligation matrices p.l6p . (|2.17|) 
such that I — DiDo is invertible on V and we set U — J-i(Uo,Ui) G L{Xo © 
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Xi). Then the trajectory-level feedback connection operator J^£(W(J7o)^: 
computes the powers of U = J-f {Uo,Ui) : 

^XoQX^AU) = ^KW((7o)+, W([/i)+): Afo ® A-i -> exomxA^+)- (2-21) 
Hence, after application of the natural identification between the spaces ixa®Xi{'^+) 
and lxo{'^+) ® ^Xi{'^+); ™2 have the explicit formulas 



A 



J^Xoi 


\)Xi, + {U)ii 


J^Xoi 


\)Xi, + {U)l2 






— 


'exoi^+) 


J^Xoi 


\)Xi, + {U)21 


J^Xoi 


\)Xi, + {U)22 











where the matrix entries Axo®Xi,+ {U)ij (i,j = 1,2) are given explicitly by 

Ax„ex^,+ {U)n = WiUo)+ + W{Uo)t{I - W{Ui)+W{Uo)+)-'WiUi)+W{Uo)t , 

Ax„ex^MU)i2 = W{Uo)+{I - W{Ui)+W{Uo)+)W{Ui)t, 

^x,mx^AU)2i - W(U^)t{I - W(Ua)+W{UAr^W{Uo)+ , 

Ax„ex^.+{U)22 = WiUi)+ + W{Ui)+iI - W{Uo)+W{Ui)+y^W{Uo)+W{Ui)t ■ 

(2.22) 

Proof. Note that Lemma [2?2] guarantees that the trajectory- level feedback connec- 
tion J^£(W(C/o)^, W(C/i)+) is well-posed. By definition, we see that 



Ti{W{Uo)+,WiUi 



Xq 









{xo{n)}nei.+ 
{xi{n)}nei.+ 



(2.23) 



means that 



xoin + 1) 






So' 




Xoin) 


d*(n) 




Co 


Do 




d{n) 


Xi{n + 1) 






Bi 




xi{n) 


d{n) 




.^1 






d^,{n) 



(2.24) 



for uniquely determined strings {d{n)}n£Z+ G ^•d(^+) and {(i*(n)}„gz_|_ G £-d, (Z+). 
As U = Te{Uo,Ui), the particular case n = of the equations p.24p is just the 
assertion that 



Inductively assume that 



The n-th equation in (|2.24p amounts to the assertion that 

xo{n) 



Xi{l)_ 


= U 


xo{0) 
xi(0)_ 


Xoin) 
_a;i(n)_ 


= f/" 


"a^o(O)" 
XI (0) 



(2.25) 



xo{n + 1) 
xi{n + 1) 



= U 



xi{n) 



Combining with the inductive assumption (|2.25p then gives us that (|2.25l) holds with 
n -I- 1 in place of n and hence (|2.25p holds for all n = 0,1,2,.... Note next that 
(|2.25p combined with ()2.23p amounts to the identity (|2.2ip . The explicit formulas 
(|2:22ll then follow from formula with W([/o)+, W(C/i)+ as in ([238]) in place 



oiUo, Ui. 

If Uo and Ui are invertible with 

70 So 



uA = 





Xo 




Xo 








V 



10 



ai Pi 
7i Si 













V 







□ 



(2.26) 



with I-p^ — 7i7o invertible, a similar analysis can be brought to bear to compute 
negative powers oiU — J-{Uo, Ui). Let us introduce an operator Ag._ : JC £g{Z^) 
(also called a Fourier representation operator along with (j2.20l) ) by 

Ag.-(U):k^{t*gU^kU^^_ 

where in particular 

A^,_([/)fc: ^{U^kjnez^. 
Then we have the following backward-time result parallel to Theorem 12.31 As the 
proof is completely analogous, we omit the details of the proof. 

Theorem 2.4. Suppose that we are given two colligation matrices Uq and Ui as in 
(|2.16p . (|2.17p with inverses as in (|2.26p such that I — SiSq is invertible on and 
we set U — J^i{Uo, Ui) G C{Xo (BXi). Then the trajectory-level feedback connection 
operator J'£(W(t/o) I W(C/i)^) computes the negative powers ofU ^ Fi{Ui),Ui): 

Axoex^,-{U) = TiiWiUo)- ,W{Ui)-): Xo ® Xi £xo®x^i^-)- (2.27) 

Hence, application of the natural identification between Ixq^XiC^-) and (xoC^-) ® 
ixii"^-) leads to explicit formulas 

ixA^-)_ 

where the matrix entries Axo®Xx,+^\j (hj = ^t'^) given explicitly by 

Axo®x^AU)ii - W{Uo)^ + W{Ua)^{I - W{Ui)-W{Ua)-)-^W{Ui)-W{Uo)2, 

Axo®x,AU)i2 - W{Ua)^{I - W{Ui)-W{UA)W{Ui)^, 

Axo(BX^AU)2i = W{UoKiI - WiUa)-WiUi)-AWiUo)2, 

Kxo®x,AU)22 = W{Ui)^ + W{Ui)^{I~W{Uq)-W{Ui)-)-^W{Uq)-W{Ui)^. 

(2.28) 

3. Unitary scattering systems and their models 

3.1. Unitary scattering systems. Following [T5] we define a unitary scattering 
system to be a collection 6 of the form 

© = (Z^,*;/C,£) (3.1) 

where JC (the ambient space) and £ (the coefficient space) are Hilbert spaces, U is 
a unitary operator on K, (called the evolution operator), and (called the scale 
operator) is an operator from £ into /C. A fundamental object associated with 
any unitary scattering system 6 (j3.ip is its so-called characteristic function wq [C) 
defined by 

oo oo 
n—l n— 

= [(/ - cu)-^ + CUA^ - ^] * 

= (1 - |cn**(/ - CU)-^{i - CUA^^- (3-2) 

From p.2p we see that wq {Q) is a positive harmonic operator-function (values are 
operators on £) 

weiO > for C e D and -^weiC) = for all C G ©. (3.3) 

dCdC, 
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Kx,(sx,AU) 



J^XamXiAAll Axo®XiAAl2 
J^Xo®Xi,-{U)2l J^Xq®Xi,-{U)22 



Xq 

Xi 



If we introduce the convention 

then the first formula in p.2p can be written more succinctly as 



Tl — — CO 

We shall refer to the string of coefficients {we^n}nez given by 

we.n (3.4) 

as the characteristic moment sequence. 

Let us now introduce the spectral measure Eu{-) (see e.g. [48]) for U; we then 
define the characteristic measure ae for the unitary scattering system © to be the 
spectral measure for U compressed by the action of '5 given by 

ae{-)^-^*Eui-)^. (3.5) 

Thus the spectral measure En is a strong Borel measure on the unit circle T with 
values equal to orthogonal projection operators in £(/C) while the characteristic 
measure (Tq is a strong Borel measure on T with values equal to positive-semidefinite 
operators in C{£). Note that the characteristic function we(C) can be expressed in 
terms of the characteristic measure erg via the Poisson integral: 



T 



{{l-Ct)-^ + {l-Ct)-^-l)Eu{dt) 



V{tX)^e{dt) (3.6) 



T 

where 

1 - \C? 

Vit, C) = for t e T and C e © (3.7) 

|l-Cip 

is the classical Poisson kernel and where the Lebesgue integral converges in the 
strong operator topology. 

We say that two unitary scattering systems iU ,'^]K.,£) and {U\ 'i>';JC' ,£) (with 
the same coefficient space £) are unitarily equivalent if there is a unitary map 
T : /C — > /C' so that 

tU^U't, t* = 1''. (3.8) 

We say that a unitary scattering system 6 = {U ,'^;K.,£) is minimal in case the 
linear manifold C /C is *-cyclic for U, i.e., the smallest subspace /Co containing 
^£ and invariant for both U and U* is the whole space JC. The following elementary 
result makes precise the idea that the characteristic function is a complete unitary 
invariant for minimal unitary scattering systems. 

Proposition 3.1. Two unitarily equivalent unitary scattering systems 

© = (W, /C, £) and & = {U' , IC',£) 

have the same characteristic functions {we{C) = we'iC) for all £ Bj. 

Conversely, if & — (Z-/, 5*; /C, £) and & = (W,^';/C',f) are two minimal uni- 
tary scattering systems with the same characteristic function, then © and ©' are 
unitarily equivalent. 
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Proof. This is essentially Theorem 4.1' in [TB]. For the reader's convenience, we 
recall the proof here. If r : /C ^ /C' satisfies the intertwining conditions (|3.8|) . then 



we' (C) = [{I - lU')-^ + (W*)-^ - I] 

= **r* [(/ - cu')-'^ + cu'*y^ ~ I] 

Conversely, suppose that 6 and &' are minimal unitary scattering systems with 
the same coefficient space £ and with identical characteristic functions wq (C) = 
we'{C) for all C e B. The identity we(C) = ^©'(C) between harmonic functions 
implies that coefficients of powers of C and of C match up: 

= ^^^'*U"'^' for n = 0, ±1, ±2, . . . . 

Note that 

for all rt, m = 0, ±1, ±2, . . . and e,eG £, and hence the formula 

T : W'^e ^ W^'e (3.9) 
extends by linearity and continuity to define a well-defined isometry from 

V = span{Z./"^'e : n e Z, e G 

onto 

7e := span{W'"1''e: n G Z, e e £}. 

Under the assumption that both 6 and & are minimal, we see that T) = JC and 
TZ = IC' , and hence r is unitary from /C onto /C'. From the formula p.9p for r 
specialized to the case n = 0, we see that r^" — ^P'. From the general case of the 
formula we see that rUk = Wrk in case k E IC has the form k — Z^"^*e for some 
n G Z and e € £. By the minimality assumption on & the span of such elements is 
dense in /C, and hence the validity of the intertwining rUk = U'rk extends to the 
case of a general element k oi JC. This concludes the proof of Proposition 13. II □ 



3.2. The Hellinger space . We mostly follow here definitions and notations of 
[l8] . Earlier expositions were given in [34] , [35] , [36] , [37] , [46] . Classical references 
for the Hellinger integral are [57], [BS], [55], [70]; we refer to [53' for an application 
to stochastic differential equations. 

Let £^ be a Hilbert space and let ct be a positive £(£)-valued Borel measure on 
T. We define the space C to be the space of all f-valued vector measures v for 
which there exists a scalar measure /i on T such that the operator 



^(A) ^(A) 



e£(Cef) (3.10) 



is positive semidefinite for all Borel subsets ACT. It follows that, for a given 
v & and A any Borel subset of T, ^(A) S imf7(A)^/^ and that the smallest 
constant C^{/S) which can be substituted for /i(A) in (|3.10l) is 

a(A) = ||a(A)[-V2l^(A)||2 (3.11) 
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where ^(A)! ^/^l is the Moore-Penrose inverse of o'(A)^/^; here in general we use 
the notation X^"^! for the Moore-Penrose inverse of the operator X: 

domainX'^^l = iniX (im X)-'- with 

X^-^^x = if X e (im X)-L and X^^'^^Xy) = P(korX)^J/- 

It can be further shown (see [18] for detail) that there is a unique such dominating 
scalar measure /i^ which is minimal in the sense that, for any other scalar measure 
/X for which (|3.10p holds, then necessarily 

/i(A) > fi^{A) for all A C T 

This miique measure ^i, is called the Hellinger (scalar-valued) measure of the vector 
measure v with respect to a. The function A i— > C,y(A) in general is not even an 
additive function of the set A but merely subadditive, i.e., for Ai, A2 disjoint Borel 
subsets of T, we are guaranteed only 

c.(Aiu A2) < a(Ai) + a(A2). 

Therefore, the Hellinger measure /i^ is defined as the minimal measure dominating 
the subadditive function C^, namely 

n 

Ai.(A) = sup{^ ||a(Afe)[-i/2li.(Afe)||| : Ai, . . . , A„ 

k=l 

form a finite disjunctiv partition of A} 

n 

= . !\P. ^||a(Afe)[-V2l^(A,)||| (3.12) 

where the limit is taken along the directed set of finite partitions of A ordered by 
refinement. In particular, part of the assertion here is that v{/S) S imo'(A)^/^ for 
each Borel subset A of T. 

We next define a norm || • Wc by 

Then one can show that C is a Hilbcrt space in this norm (see [H]). By polarization 
of the formula (|3.12p we sec that the inner product can be expressed as 

n 

{v^^v2)c^= lim V((T(Afe)[-i/2lz.i(Afe),a(Afe)f-'/'V2(Afe)\ . (3.13) 

We give below two propositions from [THj that will be used in this paper. Both 
can be verified for simple functions using formulas (j3.12l) and (j3.13p and then for 
measurable functions by the limit process. 

Proposition 3.2. If v ^ C with associated Hellinger scalar-valued measure 
and if f is a measurable scalar function on T for which Jj \f(t)\^fi,^{dt) < 00, then 
the measure v ■ f given by 

(i../)(A)= / ,y{dt)f{t) 

J A 

is in Cf with associated Hellinger measure yu^.f equal to the scalar-valued measure 
Mi^ • l/P g^ven by 

(/i.-|/P)(A)= / Mdt)\fit)\'. 

J A 
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Proposition 3.3. Let f be any £-valued measurable Junction on T for which 

{aidt)fit)J{t)) 
then the vector measure a ■ f given by 

(fT./)(A)= / da{t)f{t) 

J A 

is in with ^a f — f* ■ ■ f , where f* ■ <J ■ f is the scalar measure defined by 

{f*-a-f){A)^ f {a{dt)f{t),f{t))£. (3.14) 



Moreover, for every v G Cf and every such f it holds that 

{v , <yf)c^ = f {v{dt),f{t))e. (3.15) 



We will need the following uniqueness result. 

Lemma 3.4. If a and a are two positive C{£)-valued measures such that Cf = 
with identity of norms, then a = a . 

Proof. Suppose that = Cf with 

Wvfc" for V ^ C? . 

Then this also holds for Xa'^ with A an arbitrary Borel set. Then this implies that 
f-u = Jj-u, where fx^, and Jli, are the Hellinger measures of v with respect to cr and 
a. Take u = ae, then, in view of (|3.12p . ^a-e = e*ae, therefore, Jlae = f-ae = e*ae. 
This implies that 

e*ae e*a 
ae a 



> 0. 



Therefore, 

e'cre e'cre 



> 0. 



e ae e ae 

The latter implies that e*ae > e*ae. In other words a > a. The reverse inequality 
is obtained similarly by taking ly = ae and using the fact that fi^e = Jj-ae = e*ae. 
The lemma follows. □ 

The connection between unitary scattering systems (|3.ip and spaces of vector 
measures (see (|3.10|) ) is as follows. A consequence of Proposition 13.21 is that 
v ■ t € Cf whenever v € Cf with \\V ■ t\\(i<T — ||j^||£» (here t stands for the function 
f(t) = t on T); since the same story holds for v ■ t^^ = v-t,we see that the operator 

Ua'. V ^ V ■ t 

is unitary on C with spectral measure Eu„ given by 

It follows from the definition of the Hellinger space and the Hellinger measure that 
ae G and that /Xo.e(A) = ((7(A)e, e). In particular, 

\\ae\\l. = {a{T)e,e)s <Mn\ - hf. 
Therefore, the operator '^^ given by 



^'o- : e^ a ■ e 
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is a bounded linear operator from £ into Cf . Hence the collection 

&„^{U,,^,-L\E) (3.16) 

is a unitary scattering system for any positive £(i5)-valued measure a. Moreover, 
an easy computation 

= (cr • XAE, cre)c' 

= (cr(A)e, e)e by formula (IXT^ 

shows that we recover the preassigned positive operator measure a as the character- 
istic measure ^/'^En^{-)^!a^ for the unitary scattering system (3^- In particular, for 
any positive C{£)-valued Borel measure <t, there exists a unitary scattering system 
having characteristic measure equal to a. Since positive operator measures a 
are in one-to-one correspondence with positive operator-valued harmonic functions 
w via the Poisson representation w{Q — ^^V{t,Qa{dt) (where V is the Poisson 
kernel (j3.7l) ). we also see that given any positive operator-valued harmonic function 
w, there is a unitary scattering system <Bw having characteristic function (I3.2|l equal 
to w. The following result (Theorem 4.1 of [18]) is the converse to this statement. 

Theorem 3.5. Let & = (W,5';/C,£) be a unitary scattering system as in ()3.ip . 
Let a be the associated characteristic measure 

(!(•) = **St^(-)*. 

For fc e /C, define an £-valued Borel measure on T by 

Then the operator <I)^™ (the vector-measure valued Fourier representation operator 
for 6 ) given by 

4'^":fch->z/fc (3.17) 
is a coisometry from K, onto Cf satisfying the intertwining relations 

with initial space equal to the smallest reducing subspace for U containing im'^ . 
In particular, if 6 is minimal, then the unitary scattering system 6 is unitarily 
equivalent (via the unitary operator : /C — > C" ) to the model unitary scattering 
system ©o- given by (|3.16p . 

Remark 3.6. A space of vector-valued harmonic functions on the unit disk D 
can be associated to the space of the vector-valued measures on the circle T 
via integration against the Poisson kernel. The formalism here can be translated 
from measures on the circle to harmonic functions on the disk. Such an analysis is 
worked out in [35l [Ml iMl EH HI [26] . 

We also mention that a functional model using formal reproducing kernel Hilbert 
spaces (rather than measures and Hellinger spaces) for analogues of unitary scatter- 
ing systems as defined in Subsection 13.11 where the unitary operator U is replaced 
by (1) a tuple of commuting unitary operators {Ui, . . . ,Ud), or (2) a row-unitary 
operator [Wi • • • hld\ (i.e., a representation of the Cuntz algebra), is presented 
in [H]. 

In the sequel we shall have need of the following result concerning orthogonal 
decompositions of Hellinger spaces £'^(see Theorem 2.8 in [18]). 
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Theorem 3.7. Suppose that the coefficient Hilhert space £ has an orthogonal direct- 
sum decomposition £ = £i® £2 o,nd that a is an C{£) -valued positive measure with 
block-matrix decomposition 



CTll 0'12 
^21 0'22 



where aij(A) £ C{£j,£i) for each Borel set A and for i,j — 1,2. 
Define subspaces C" and C2 of L," by 



C1 = 



^2 — 



£€"■.1^1 = 



Then: 



(1) £1 ~ C"' — clos. I^cr Q p: p E £i[t,t where £i[t,t ^] is the space of 



trigonometric polynomials with coefficients in £1, and 



(2) ^ c e L\ 



q E £'^11 '> where cr/]^ = (722 — cr2lO'[i"'^'cri2 is the 



measure Schur- complement of an inside a in the sense of iSj Section 2] 
In particular, 



Ci — Cf if and only if a^-y = 0. 



(3.18) 



Proof. We prove here Statement (1) which is contained imphcitly in Theorem 2.8 
of [1H|. 

For p E £i[t,t^^], the computation 







I 





p, a 






p) = f p{tr [I 0] aidt) 



= / p{t)*aii{dt)pn{t) 
Jt 

= (o-iip, aiip)c''ii 



shows that the map 



aiip i-> 



CTll 
0'21 



p for p e £1 [t, t ^] 



embeds a dense subset of /I*^" isometrically into The fact that the image of 
this map is dense in follows from the definition of and from the fact that 
{aiip: p E £i[t,t~^]} is dense in Statement (2) is proved in Theorem 2.8 of 

m. □ 



4. Intertwiners and unitary couplings of unitary operators 

In this section we present some preliminary material on unitary couplings due 
originally to Adamjan and Arov [T] which is needed for a reformulation of the Lifting 
Problem to be presented in the next section. 

Suppose that we are given unitary operators [W ,JC') and {U",IC"). We say 
that the collection (l/l,ix:',iK"]l^) is an Adamjan- Arov unitary coupling (or, more 
briefly, AA-unitary coupling) of {U',IC') and {U",IC") \iU is a unitary operator on 
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the Hilbert space K, and ifc : K,' ^ K, and ix," 
of JC' and JC" respectively into JC such that 



K." — >■ K. are isometric embeddings 



In this case it is clear that Y 



,i]C' : JC' JC" is contractive 



(4.1) 

lyll < 1) and that 



Y intertwines U' with U" since 

YU' = irniK'W 



The following theorem provides a converse to this observation. To formalize the 
ideas, let us say that the AA-unitary coupling (U,ijc',iK"]JC) is minimal in case 

imi^/ + imi^c" is dense in JC (4-2) 

and that two AA-unitary couplings (U,ifc',iic"]JC) and {lA ,i]Qi ^ii^ii;JC) of iU' ,JC') 
and (Z^", /C") are unitarily equivalent if there is a unitary operator r : /C — )■ /C such 
that 

tU ^Ut, Tiic'^itc', TiK."=iK"- (4.3) 
Then we have the following fundamental connection between AA-unitary couplings 
and contractive intertwiners of two given unitary operators (see e.g. |lj and |19)). 

Theorem 4.1. Suppose that we are given two unitary operators W and U" on 
Hilbert spaces JC' and JC" , respectively. Then there is a one-to-one correspondence 
between unitary equivalence classes of minimal AA-unitary couplings {U, iic> , iic" JC) 
and contractive intertwiners Y : JC' ^ JC" of ilA' ,JC') and {U",JC"). More precisely: 

(1) Suppose that 2t := {U, i/c , iK"] JC) is an AA-unitary coupling of {U' , JC') and 
(U", JC"). Define an operator F = y(2l) : /C' ^ JC" via 

Y ^Y{^)^i*^„t^,. (4.4) 

Then Y is a contractive intertwiner of{W,JC') and {U",JC"). Equivalent 
AA-unitary couplings produce the same intertwiner Y via (j4.4p . 

(2) Suppose that Y : JC' — >■ JC" is a contractive intertwiner of ilA' ,JC') and 
{U",JC"). Define a Hilbert space JC := JC" *y JC' as the completion of the 

in the inner product 



: U"Y. 



space 



'k"' 




'h"' 


k' 


1 


h' 



IlC" 



Y 
Ik- 





k" 




h" 




k' 


5 


h' 



(4.5) 



a:"©/c' 



for k" , h" G JC" and k' , h' G JC' (with pairs ] with zero self inner product 
identified with Q). Define an operator lA = U" densely on IC by 



'k"' 




'U"k"' 


k' 




U'k' 



U: 

together with inclusion maps i/c : JC' 
k' ^ 



(4.6) 



IC and ifc" : IC" 
\k"^ 



IC given by 







(4.7) 



Then the resulting collection 

2l = 2l(y) iU" *YU',ifC',iK";JC" *yJC') (4.8) 

is a minimal AA-unitary coupling of{W,JC') and {U" ,JC") such that we re- 
cover Y asY — i*jQ,,iiQi . Any minimal AA-unitary coupling (U,iic',iic"TJC) 
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of(U',IC') and {U",IC") with intertwiner Y as in (j4.4p is unitarily equiva- 
lent to the one defined by (113)) . (|I3)) . (liTT)) . 
Moreover, the maps 21 i->- Y{Ql) in (1) and Y 2l(y) m ('^^ are inverse to each 
other and set up a one-to-one correspondence between contractive intertwiners Y 
and unitary equivalence classes of minimal AA-unitary couplings of (W,/C') and 
{U",IC"). 

Proof. The proof of part (1) was already observed in the discussion preceding the 
statement of the theorem. 

Conversely, suppose that Y : JC' ^ JC" is any contractive intertwiner of iU' ,JC') 
and (W',/C") and let {U' *y i^" ,iK.' ,iK": ^' *y ^") be the AA-unitary couphng of 
{U',IC') and {U",K,") given by From the form of the inner product 

we see that the maps ijc : /C' — > /C and iic" : K." ^ K. given by (|4.7p are isometric. 
By the definition of /C as the completion of ] in the /C" *y /C'-inner product, 
we see that the span of the images imi^^;' + imiy^" is dense in /C :— K,' *y ^" by 
construction. By using the intertwining condition YIA' — U"Y together with the 
unitary property of U" and W , we sec that 

U'k' 



Y 
Ik' 





'U"h"' 


1 


U'h' 



U" 


Ik" 





w 

Y 
Ik- 





'Ik" 


Y' 




'k"' 




u" ■ 




'h"' 










k' 




W 




h' 





k" 




h" 




k' 


1 


h' 



and hence the operator 



U: 



'k"' 




'U"k"' 


k' 




U'k' 



(4.9) 



extends to define a unitary operator on /C = K," *y K,' . We have thus verified that 
iU' *y U" , i]C', iic"',K,' *Y 1^") defined as in (14.81) is a minimal AA-unitary coupling 
of iU' ,JC') and {U",IC"), and statement (2) of the theorem follows. From the form 
of the inner product, we see that we recover Y as Y = i'^,ii]c'. 

Suppose now that {U,iic' ,iK"\^) is any AA-unitary coupling of {U',IC') and 
{U",IC") and we set Y = i^.i^' : JC' ^ IC" . For k'J' € IC' and k",£" G JC" , we 
compute 



" / 


Y 




k" 




e" 




I 




k' 


1 


e' 



{k" -h i*^„i^k',l"},c" + {^hiic'k" + k',£'}f 



{k",£")fc" + {tK'k',iK"nic + {iK"k",lK'i')K + {k',£')jc' 

{lK"k" + lK'k',lK"i" + 



We conclude that the map 



r: 



1-^ iic"k" + i/c'k' 



maps the dense subspace [ ^/ ] of JC" *y JC' onto imijc -\- imiyc"- Hence r extends 
to an isometric mapping of all of JC" *y /C' onto the closure of im iic -\- imi^^/ and 
hence r is unitary exactly when {U,iic>,iK"]JC) is a minimal AA-unitary coupling. 
Moreover, from the form of t it is easily verified that t{U' *y l^") = ^t. By 
definition of r, it transforms the embeddings of JC' and JC" into JC" *y JC' to the 
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embeddings of K' and K" into /C. In this way we see that the above correspondence 
between contractive intertwiners and minimal AA-unitary couplings is bijective. 
bijective. □ 

Given an AA-unitary coupling {U^ifc liK"]^) of the unitary operators iU" . K,") 
and {U' ,K') and two subspaces Q' C K' and Q" C K." which are *-cyclic for W 
and U" respectively, let igi : Q' ^ K and ign : Q" ^ K, be the compositions of the 
inclusion of Q' into JC' with the inclusion of JC' into K. and of the inclusion of Q" 
into JC" with the inclusion of JC" into JC, respectively: 

igi := igi^K = iK'-^Kig'-^K' , 
ig" := ig"^K = iK."^Kig"^K" ■ 

Then we may view 

&aa:={U,[ig.> iG.];JC,g" ®Q') 
as a unitary scattering system with characteristic measure 



characteristic function 



<^Gaa{-) = f*" Eu{-) [ig" ig] , 
. g' J 

[{I - cur' + {I -CUT'- 1] [^0" 



(4.10) 



ig' 



and characteristic moment-sequence 

{ws^A WInez with weAAin) = 



W [ig" ig> 



We note that the (l,2)-entry in the n-th characteristic moment Ws^a," is closely 
associated with the intertwiner Y = i^^iiijc associated with the AA-unitary coupling 
{U,i!C', iK"]JC)- 

{\^eAA{n)U9',9") = (^*g"U*''ig'9' ,9") = {YU'*^9',g") = {Y9',U"*^g") . 

Given any contractive intertwiner Y : JC' ^ JC" of {W,JC') and {U",JC"), we refer 
to the bilateral sequence of operators {wy(n)}„gz given by 



WY{n) = [weAAin)]i2 = il 



M"*"Yic 



il„^,c„YU'*''iG,^K' (4.11) 



as the symbol (associated with given subspaces Q' C JC' and Q" C JC") of the 
intertwiner Y. If Q' is *-cyclic for U' and Q" is *-cyclic for W", then the subspaces 

JC'^, ^ span{Z^'",g' ; g' e G' and n e Z}, JC'^ = span{Z^"".g" : g" G and n e Z} 

are equal to all of JC' and JC" respectively and the observation 

(rW'"9',W"",g") = {wY{m-n)g',g")g„ 

shows that there is a one-to-one correspondence between symbols wy (with respect 
to the two *-cyclic subspaces Q' and Q") of Y and the associated contractive in- 
tertwiners Y . Moreover, we have the following characterization of which bilateral 
C{Q' ,Q")-YahieA sequences w = {w(n)}nez arise as the symbol w = wy for some 
contractive intertwiner Y . 
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Theorem 4.2. Suppose that {w(n)} is the symbol (j4.1ip for a contractive inter- 
twiner Y of the unitary operators {U',IC') and ilA" ,K,") associated with ^-cyclic 
subspaces Q' C K,' and Q" C K," . Then {u'(n)}„gz is the sequence of trigonometric 
moments 

w{n) = [ t-"w{dt) 

associated with an C{Q' ,Q") -valued measure w (equal to the Fourier transform of 
{w{n)}nez) such that 



a := 



(7 w 

w a 



is a positive C{Q' , Q") — valued measure (4-12) 

UJ 

where we have set 

a' ^il,Eu'{-)ig', a" ^i*g„Eu"{-)ig». (4.13) 
Conversely, the inverse Fourier transform 

w{n) := / t-''€j{dt) 



of any C{Q' ,Q") -valued measure w on T which in addition satisfies (j4.12p is the 
symbol (associated with the subspaces Q' and Q" ) for a uniquely determined con- 
tractive intertwiner Y : K,' ^ K." . 

Proof. The forward direction of the theorem is an immediate consequence of the 
results preceding the theorem. 

For the converse we use the HeUinger model. Suppose that w is a vector mea- 
sure such that (|4.12p holds, where cr' and a" are the positive measures given by 
(|4.13p . Consider the HeUinger space (see Section 13. 2p with operator being 
multiplication by the independent variable t. We define the embeddings 

iK.' -.JC' C and iic" : IC" C 

as follows: first we map JC' onto and JC" onto by Fourier representations 

k' i*g,E'{dt)k' , k' ^ i*g„E"{dt)k" . 

Then we embed and into C"' by 



a'p' 



p', g"p" ^ 



P" 



for arbitrary vector trigonometric polynomials p' , p" . As it was shown in [18j 

imijc' + imijc" is dense in . 

Thus we get a minimal A A- unitary coupling of U' and U" . The symbol of the 
contractive intertwiner associated with this AA-unitary coupling is just the trigo- 
nometric-moment sequence of the originally given measure w. Since the definition 
of symbol (|4.1ip can be rephrased as 

{wY{n - m) g\g") = {YU '*^^g' ,U"*"^g"), (4.14) 

and the sets {U'*"g'} and {U"™g"} {n running over Z, g' over Q' and g" over Q") 
have dense span in /C' and /C", respectively, we see that the correspondence between 
intertwiners Y and symbols {w{n)}ni£z is one-to-one. Moreover, the correspondence 
between symbols {w{n)}nez and their Fourier transforms w is also one-to-one. □ 
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Remark 4.3. The proof of Theorem 14.21 in fact shows that, given an AA-unitary 
couphng {U,iic',iic"',IC) of two unitary operators {U",IC") and {W,IC') together 
with a choice of *-cychc subspaces G' C JC' and G" C /C", then the AA-unitary 
couphng {U,iic',iK"il^) is unitarily equivalent to the Hellinger-model AA-unitary 
coupling 

where a = (JeAA is given bv (|4.10p . 



5. Liftings and unitary extensions of an isometry defined by the 

problem data 

In this section we discuss, following [21[inill[51|31[3Zl[3Sl[MlllllMlll5],how 

solutions of the lifting problem can be identified with unitary extensions of a certain 
(partially defined) isometry V which is constructed directly from the problem data. 
Introduce a Hilbert space 'Ho by 



"Ho = clos 



JC' 



with inner product given by 



k'L 
k' 



■Ho 



/ 

X* 



X 

I 





k" 




r 




K 







Special subspaces of 'Ho are of interest 
" JC'L ' 



cHo, 



V :— clos 

Define an operator V : 2? — ^ 2?* densely by 
V 



clos 



cHo- 



(5.1) 



(5.2) 



(5.3) 



(5.4) 



for /c" e /C" and k'j^ E /C^. By the same computation as in (|4.9p . we see that V 
extends to define an isometry from V onto 2?*. Notice also that V is completely 
determined by the problem data. 

Let us say that the operator U* on /C is a minimal unitary extension of V if U* 
is unitary on K. and there is an isometric embedding i-^g : Hq — > /C of "Ho into /C 
such that 

inoV = U*ino\v. (5.5) 

and 

span„gz^"imi-Ho = ^- (5.6) 
In this situation note that we then also have 



u"* ■ 




■ k'l_ ' 




'U"*k"' 


w* 




U'k'^ 





(5.7) 



Two such minimal unitary extensions {JA* ,i-Ug]JC) and {U*,i-Hg;JC) are said to be 
unitarily equivalent if there is a unitary operator t: K. ^ K. such that 

tU* = U*T, Tiua = i-Ho- 

Then the connection between minimal unitary extensions of V and lifts of X is 
given by the following. 
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Theorem 5.1. Suppose that we are given data for a Lifting Prohlem \l.l\ as above. 
Assume that the subspaces K!^ andKJL are ^-cyclic. Let V : V ^ 2?* be the isometry 
given by (j5.4p . Then there exists a canonical one-to-one correspondence between 
equivalence classes of minimal AA-unitary couplings (Ujitcijc"',}^) of(U',IC') and 
(U",)C") such that the contractive intertwiner Y = i'^nijc' lifts X on the one hand 
and equivalence classes of minimal unitary extensions (U*,i-Hg;)C) of V on the 
other. 

Specifically, if {hi^ijc ,iK"'-^) is a minimal AA-unitary coupling of iU" ,K,") and 
iU' ,K.') with associated contractive intertwiner Y — i'^nitc" lifting X, then the 
mapping 

K," ' 

iuo := [iK" iK'] 
extends to an isometric embedding of Hq into K. and 

is a minimal unitary extension of V. Conversely, if (U* ,i-Ug; K.) is a minimal 
unitary extension of V and if we define isometric embedding operators ijc : /C' — > /C 
and ijc" : K," — > K. via the wave operator construction 

[ 

defined initially only for 

fc' e U U'*"'IC'+, k" e U W""/C'^, 

m>0 m>0 

and then extended uniquely to all of K.' and K," respectively by continuity, then the 
collection 

is a minimal AA-unitary coupling of {U" , IC") and (U',IC') with associated contrac- 
tive intertwiner Y — if^ni/c' lifting X . 



iK'k' — s-lim„ 







ijC"k" = s-lim„ 



Proof. Suppose that {U,iic',iic"',)(^) is a minimal AA-unitary coupling of iU' ,K.') 
and iU" ,K."). Define the map 

'k'L 
k' 



h-> ijc"k'!_ + iic'k'^. 



(5.8) 



Since ijc and ijcn are isometric then i-u^ is isometric if and only if 

{tK"kl,iK'k'+)K = {k'L,k'^)n„ ■■= {k'L,Xk'+),c". 
This in turn means that the intertwiner Y — i'^nijc lifts X . Now, 



' k"_ ' 




'U"*k"' 


U'k'+ 







iKM"*k'L+iK'k'+ 
= W{iK"k'L+iK'U'k'+)=Wino 



k"_ 
U'k' 



This in turn means that l|5.5p holds. Thus, U* on K. with embedding i-n^ is a unitary 
extension of V. Since, by assumption, /C^ is *-cycHc for W on /C', /C" is *-cycHc 
for U" on /C", and since the AA-unitary coupling {U,ijc' ,iK."]^) is minimal, then 

span„gz^" im«-Ho = ^■ 
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Thus, {U* , i-Ho',IC) is a minimal unitary extension of V. 

Conversely, suppose that (U* , i-Ho', )C) is a minimal unitary extension of V. We 
now apply the construction of the wave operator from [45^ (Section 4), which sim- 
plifies significantly in our situation due to the fact that /C^ and /C" are embedded 
isometrically into Hq. For k' E Z^'*"/C^ and m > n note that U^i-Ua ^u'"^k'\ 
well-defined (since U'^k' e /C^ so [^'m^.'] G "Ho) and independent of to (since U* 
is an extension of V ^ see (|5.7p V Thus, the formula 



k' ^ hm U* 

m—^oo 





Wk' 



(5.9) 



is a well-defined isometry from (J U'*'^K,'^_ into /C. By assumption, (J U'™IC'_^ 

n=0 n=0 

is dense in /C', and hence ijc extends uniquely by continuity to an isometry (still 
denoted by iic>) from IC' into /C. Similarly, the formula 



k" hm U'^'i-Ho 







(5.10) 



gives rise to a well-defined isometry from /C" into /C. Definitions (|5.9p and (IS.lOp 
imply that 

i^i/C' ~ ^K'W and Wi/c = iK."U" ■ 
We have thus arrived at an AA-unitary coupling {Ujijc" ,iK':^) of {U",JC") and 
{W,JC'). To check the minimality of the AA-unitary coupling note that it follows 
from dnH) and ([ETU]) that 



im i/c' = span 



imiK" = span„g^ Z^"i-Ho 
















and 

Since i-Ho 
that 

Therefore, 

imijic/ -I- imijc" ^ span„ggW"i-Ho = ^• 
The last equality is due to minimality of the extension. Thus, 



is invariant for U and i-^g 



is invariant for U*. we conclude 



imiA;' -|- imi/c" — IC 

and it follows that the AA-unitary coupling is minimal. Moreover, Y = i'^iAtc' lifts 
X since 



{Yk'^,k"_)K. = {iK.'k'+,iK."k"_)K. = 



' ■ 




'k'L 




•> 






= {Xk'+,k'L)K': 



-Ho 



The correspondences between AA-unitary couplings and unitary extensions de- 
fined above are mutually inverse. Moreover, it is straightforward from the defini- 
tions of the equivalences that under these correspondences equivalent AA-unitary 
couplings go to equivalent unitary extensions and equivalent unitary extensions go 
to equivalent AA-unitary couplings. This completes the proof of Theorem 15. II □ 
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6. Structure of unitary extensions 



In the previous section we obtained a correspondence between contractive in- 
tertwining lifts Y oi X and minimal nnitary extensions U* of a isometry y on a 
Hilbert space Ho with domain 2? and codomain 2?* . In this section we indicate how 
one can parametrize all such minimal unitary extensions. 

We therefore suppose that we are given a Hilbert space Ho, two subspaces V 
and 2?* of Ho and an operator V which maps V isometrically onto I?*: 

In this situation we say that V is an isometry on T-Lo with domain V and codomain 
r>*. We let A and A* be the respective orthogonal complements 

A — HoQV, A^—HoQV^. 

Let W be a minimal unitary extension of ^ to a Hilbert space /C, i.e., U is unitary on 

the Hilbert space /C, K, contains the space Hq as a subspace, the smallest subspace 
of /C containing Hq and reducing for U is the whole space /C and U* when restricted 
to V c Ho C )C agrees with V: U\t> = V. We set Hi equal to IC QHo and write 
JC = Ho (BHi- We associate two unitary colligations Ui and Uo to the extension 
U* as follows. Since U*\t> = V maps T> onto I?« and since U* is unitary, necessarily 
U* must map ICqV = A®Hi onto /C 9 I^. = A* 8 • To define the unitary 
colligation Ui, we introduce a second copy A of A and a second copy A* of A* 
together with unitary identification maps 



i^: AcHoCfC, i^^ : A* ^ A* c 'Ho C /C. 
We then define the colligation 



by 



colligation 



Ui := 




Bi 
Di 




Hi 
A 




Hi 
A, 




Ui 






U* [in. 








Hi^K = Ho®H 


1 is 


the natural inclusion 


map. 


Uo = 


'Ao 
Co 


Bo 
Do 




Ho 
A* 


-> 


Ho 
A 





(6.1) 



(6.2) 



(6.3) 



as follows. Note that the space Ho has two orthogonal decompositions 

Ho = Pe A = D, e A*. 

If we use the first orthogonal decomposition of Ho on the domain side and the 
second orthogonal decomposition of Ho on the range side, then we may define an 
operator J/o : Ho ® A* Ho i 







Uo = 



A via the 3 x 3-block matrix 




or, in colligation form. 



Uo = 



'a 



Ao 
Co 



'a. 






V 








A 


-> 


A* 




A*. 




A 



Bo 






Ho 




Ho 




A, 




A 



(6.4) 



(6.5) 



25 



where 



A' 



Bo ~ with iniBo = A* C Hq. (6-6) 

We note that the coUigation Uq is defined by the problem data (i.e., the isometry 
V with given domain I? and codomain 2?* in the space Hq) and is independent of 
the choice of unitary extension U* . As one sweeps all possible unitary extensions 
U* of V, the associated colligation Ui can be an arbitrary colligation of the form 
(|6.2p . i.e., one with input space A and output space A*. Moreover, from the 
fact the colligation matrix Uo — [cl^o] ^ ^^^^ ^'^^ (2,2)-entry, we see 



from Theorem 12.11 that the feedback connection J^i{Uo,Ui) is well-defined for any 
colligation (in particular, for any unitary colligation) of the form (|6.2p . Also, from 
the very definitions, we see that if Ui is constructed from the unitary extension U* 
as indicated in (|6.3p . then we recover U* from Uq and C/i as the feedback connection 
U* = J-e{Uo,Ui) given by (|2.2p . The following result gives the converse. 

Theorem 6.1. The operator U* on IC is a unitary extension ofV to a Hilhert space 
K, if and only if, upon decomposing IC as IC = Uq ® Hi, lA* can he written in the 
form 

U*^Ti{UQ,Ui) 

where Uq is the universal unitary colligation determined completely by the problem 
data as in (|6.6p and Ui is a free-parameter unitary colligation of the form (|6.2p . 
Moreover, lA* is a minimal unitary extension of V , i.e., the smallest reducing sub- 
space for U* containing Hq is the whole space IC := "Hq © "Hi, if and only if Ui is 
a simple unitary colligation, i.e., the smallest reducing subspace for Ai containing 
im_Bi + imCJ' is the whole space "Hi. 

Proof. We already showed that every unitary extension U* of V has the form U* — 
J^e{UQ,Ui) where U* determines Ui according to (|6.3p . Conversely we now show 
that every lower feedback connection Te(UQ,Ui) (with arbitrary unitary colligation 
Ui of the form (|6.2p ) produces a unitary extension U* of V. From the formula (|2.4p 
for the lower feedback connection applied to the case where Dq — 0, we see that 



Hq 




'Aq + BqDiCq 


BqCi 




ho 


^\ 




BiCq 


^1 . 







(6.7) 



'd 




'Aad 




'Vd 
















Specializing to the case where Hq = d Cz V d Hq and hi ~ and using the formulas 
()6.6p for Aq,Bo,Cq, we see that 



:Fi{UQ,Ui) 



and it follows that Ti{Uq,Ui) is an extension of V. Moreover, by plugging in the 
explicit formulas (|6.6p for Aq,Bq, Cq into (16.71) , it is straightforward to verify that 
we recover Ui from U* J-£{Uq, Ui) via the formula (16. 3p and that U* is unitary 
exactly when Ui is unitary. 

It remains to check: U* is a minimal extension of V if and only if Ui is a simple 
unitary colligation. Consider the minimal reducing subspace for lA* that contains 
T-Lq, then its orthogonal complement (which is a subspace of T-Li) also reduces U* . 
From the definitions one sees that the latter is the zero subspace exactly when Ui 
is simple. □ 
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Since unitary extensions lA* of V are given via the lower feedback connection 
J-e{UQ,Ui), we may use the results of Theorems 12.31 and 12.41 to compute positive 
and negative powers of U* . To simplify notation, we let 



a+ o+l 
























Hq 






S2 s- 






-> 





(6.8) 



be the forward and backward augmented input-output operators for the universal 
colligation Uq and we let 



n+ = 

















■Hi 

.^a(^+). 
Hi 

^A.(^-) 



.^A.(^+). 









/a(2-). 



(6.9) 







Ho 

















be the forward and backward augmented input-output operators for the free-param- 
eter unitary colligation Ui. From the first rows in the formulas (|2.22p and (|2.28p . 
we read off that 

is given by 

_s+ + s+{i - n+s+)-^n+s+ s+{i - n+s+)-^n^ 

From the second rows in the formulas (|2.22p and (|2.28l) we read off that 



S{{i-n-s- 



(6.10) 



is given by 



A«,({/) 



"A«„-({/)' 




Ho 

















On 



n+{i - s+n+)-^s^ n+ + s+n+)-^s+n+ 

7. Parametrization of symbols of intertwiners 
Assume that we are given the data set 



.11) 



(7.1) 



{X, {U',JC'), {U",JC"), JC'+cJC', /C'lc/C") 

as in the Lifting Problem 11.11 If we are given *-cyclic subspaces Q' and G" for U' 
and U" respectively, then the sets 

: n e Z, 5' e G'}, {^""5" : n € Z, g" e G"} 

have dense span in K,' and K." respectively. If F e £(/C',/C") is any operator 
satisfying the intertwining condition YU' — U"Y , then the computation 

(yW'"g',Z^"'".9'V" = {U"^''-"''>Yg\g")K" = {i*gM"^''-"^^Yig, , g' , g")g„ 
shows that Y is uniquely determined by its symbol 

{r„ = t*g„U"*^Ylg, = t*g„YU'*'Hg,U^^. 
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Therefore, in principle, to describe all contractive intertwining lifts 1" of a given 
X : JC'j^ — ?► fZ'L , it suffices to describe all the symbols wy of contractive intertwining 
lifts Y. Such a description is given in the next result. 

Theorem 7.1. Suppose that we are given data set (j7.1|) for a Lifting Problem \l.l\ 



Let Uo- ^° — >■ ^ be the universal unitary colligation constructed from the 

problem data as in ()6.4p or (|6.5|) and (|6.6p with associated augmented input-output 
maps S+ and as in (j6.8|) . For Ui equal to a free-parameter unitary colligation 
of the form (j6.2p . let $1+ and ft~ be the associated augmented input-output maps 
as in (|6.9p . Finally let Q' and Q" be a fixed pair of lA' -^-cyclic and lA" cyclic 



subspaces of K,' and K," and assume that 

g'cjc'+, g" dic'L. 

Let igr : Q' — > Ho be the inclusion map of Q' into "Ho obtained as the inclusion 
of Q' in K.'j^ followed by the inclusion of /C^ into T-Lq, and, similarly, let ign be 
the inclusion of Q" in "Ho obtained as the inclusion of Q" in K,"_ followed by the 
inclusion of K,"_ inT-Lg. LetXg,, = diag„gg{ig„} be the coordinate-wise projection of 
£-^g{Z) onto £g>i(lj). Then the C(Q' ,Q") -valued bilateral sequence w = {w{n)}nei. 
is the symbol w — wy (with respect to Q' and Q" ) for a contractive intertwining 
lift Y of X if and only if there exists a free-parameter unitary colligation Ui = 
[ Ci ] ■ ^1 ffi ^ ^ T~Li ffi ^* so that w (as an infinite column vector) has the form 
r T* 1 

(7.2) 



Wy 



IgnSg igi 



Remark 7.2. There are various other formulations of the formula (|7.2p for the 
parametrization of lifting symbols. If we define 

Sq — Ig,, S'^ ig' ^ S2—Ig,,S2, S 

then the formula (17.21) assumes the form 



S^ig' 



(7.3) 



Wy = 



where the coefficient matrix 



+ s+{i -n+s+y'^n+sj 



'0 ' "2 



(7.4) 



together with Sq is completely determined 

from the problem data while is the input-output map for the free-parameter 
unitary colligation Ui. 

If we consider ig» (Z4.) as embedded in ign (Z) in the natural way, we may rewrite 
in turn the formula (17. 4p in the still more compact form 



Wy — Sq S2{I — Ws) ^CJSi 



(7.5) 



where we define 

{sog){m] 
S2 = Lst 



where l : ign (Z^ 



for m < 
for m > 0, 

) — > £g" (Z) is the natural inclusion. 



(7.6) 



Proof. Theorem 15.11 gives an identification between contractive intertwining lifts 14* 
and unitary extensions of the isometry F: I? — > 2?* on Ho constructed from the 
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Lifting Problem data while Theorem l6.1l iii turn gives a Redheffer-type parametriza- 
tion of all such unitary extensions. Moreover formula (j6.10p tells us how to compute 
the powers of U* = J-i{Uo, Ui) followed by the projection to the subspace Hq. By 
definition the symbol wy is given by 

wyin) = i*g„U*"-ig. 

The parametrization result (j7.2p now follows by plugging into (|6.10p once we verify: 

i*g„S^{I -n-S-y^S^ig. ^0. (7.7) 

We assert that in fact 

S:^ig> = 0. (7.8) 

Indeed, by definition S'^^/iq = {5*{n)}neZ- means that 5^,{n) is generated by the 
recursion 

ho{n) ^ Alho{n + l), haiO) = Hq, 

(5,(n) ~ BQho{n) for n — —1, —2, 

If we set m — — n, this means simply that 

S,{-m) ^ B*A*"'ho. 
For the case where ho — igig' G i]c'^IC'_^ C TZ, we then have 

A*ho = V*ig,g' = i^.U'g' G V, 
and, inductively, given that Aq^/iq = iic'^k'^ S iK'^^'+ C 2?*, wc have 

As 2?* is orthogonal to the final space A* for the isometry i-^ , it follows that, for 
m = 1,2,..., 

BlAl^ig,g' = ilAl^ig'g' = for m = 1, 2, . . . 

from which ((7?8)) and ((7J)) follow. □ 

Remark 7.3. We note that the value of the symbol ?«y(n) is independent of the 
choice of lift Y for n <{). Indeed, for n < 0, g' G G' and g" E Q" (where as always 
we are assuming that Q' C K.'^ and Q" C /C" ), we have 

{wY{n)g',g")g., = {U"*-Yg' ,g")^,, = {¥ g' M'"' 9")k'L 

= {Yg',U"''9")K'L = {Xg'M'-g")^,, 

since W'^g" G 1C'!_ for n < whenever g" G Q" C 1C"_. 
Let us consider the special case where we take 

g' := /C; and G" = £" := IC'L QU"* JC'L. 

Then £" is wandering for hi" and we may represent K," as the direct-sum decom- 
position 

oo 

/C" = /C':®0W""(Z^"£"). 

n=0 

Then the Fourier representation operator 

$ : fc ^ A: }„GZ+ 
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is a coisometry mapping /C" onto ^|„(Z+) with initial space equal to JC" Q K."_ = 

er=o^""(^"^';)- 

If Y is any lift, then Y is uniquely determined by its restriction Y\x:'^ to /C^ 
by the wave-operator construction; thus, to solve the Lifting Problem it suffices to 
describe all Y\ic'^ : K.'^ — > K." rather than all lifts F : /C' — > K." . Moreover, if we use 

the Fourier representation operator $" to identify JC" G JC'L with i'|„(Z+), then we 

K'L 



have an identification of K," with 



4„(z+) 



Then, with this identification in place. 



the restricted lift Y\ 



jc'^ has a matrix representation of the form 



Y\ 



K.' 



X 
Y. 



JC' 



/2 



JC'L 
(Z+)J 

With this representation we lose no information concerning the lift Y despite the 
fact that in general Q" := £" C JC'L may not be *-cyclic for U" . 

the operator Yj^. in turn has an infinite 



If we use the parametrization from ()7.2 
column-matrix representation given by 

Wy(l) 
Wy{2) 



n 



wyin + 1) 



where J+ is the shift operator on £|„(Z_|_) and where fl^ is the input-output map 
associated with the free-parameter unitary colligation Ui . Finally, if we apply the 
Z-transform 

oo 

{e"(n)}„ez+-^E^"HC" 

to transform £|„(Z+) to the Hardy space H^,,, then the operator Y^: JC'^ — > H^,, 
induced by 1+ : JC'^ — > i?|„(Z+) is given by multiplication by the £(/C^, f ")-valued 
function 

y+(c) = c'lmo -nm + c'^m - u^io^ior'u^ionmK'^ (7.9) 

where 
and where 

is the frequency-domain version of the augmented input-output map associated with 
the unitary colligation Uq (and hence is completely determined from the problem 
data) and where 

c^(C) = i?i + CCi(/-C^i)-'Si 

is the characteristic function of the free-parameter unitary colligation Ui. Let us 
use the notation Dx for the defect operator Dx '■— {I ~ X*Xy/^ of X . Further 
analysis shows that has a factorization y+(C) = Yo+{C)Dx where the opera- 

tor F: DxJi'+ I— > YQj^{Q)Dxk'-Y. defines a contraction operator from Vx ■= Ranl?x 
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(viewed as a space of constant functions) into i/| 
form for the parametrization of the hfts: 

Yo+iC)Dxk 



Then we have the fohowing 



Y 



where Y+{Q = Yq+{(:)Dx is given by ([LSI). (7.10) 

there are 



In Sections 6 and 7 of Chapter XIV in [2T] or Theorem VI. 5.1 in 
derived formulas for a Redheffer coefficient matrix 

"*ii(C) *i2(cr 

*2l(C) *22(C) 



22 



(7.11) 



so that the function lo+(C) is expressed by the formula 

yo+(C) = *ii(C) + «'i2(C)(/ - ^(C)*22(C))~'^(C)*2i(C)- (7.12) 

S. ter Horst (private communication) has verified that, after some changes of vari- 
able, the formula (|7.12p agrees with (I7.10p . 

In this formulation of the Lifting Problem, the intertwining property (jl.3p is 
encoded directly in terms of yo+(C) in the form 

Y^+((:)DxU+ = il„X + CYo+iODx. (7.13) 

Here the range of i'^„ is the space £" and £" is identified as the subspace of constant 
functions in H^,,. Associated with the data of a Lifting Problem is an underlying 
isometry p: F ^ £" (S) Vx where 



T = RanDxU', 



and defined densely by 

pDxU'.k', = 



i%„Xk\ 



DxK 



(7.14) 



PiDxU'k'_^ 
P2DxU'k'+ 

Then the form (|7.13p of the intertwining condition can be expressed directly in 
terms of the isometry p in the form 

Pi+C-yo+(C)P2-yo+(C)b. (7.15) 

It is this formulation which has been extended to the context of the Relaxed Com- 
mutant Lifting problem in [25,^6' and in addition to a Redheffer parametrization 
for the set of all solutions in [29, ,30; . For the relaxed problem, the underlying isom- 
etry p given by (j7.14l) is in general only a contraction rather than an isometry. The 
Redheffer coefficient matrix (|7.1ip is a coisometry from Vx ' 
(^'ii and ^'21 are multiplication operators). 



to i/|„ 



8. The universal extension 

Theorem 17.11 obtained a parametrization of all symbols of solutions of the lifting 
problem (and therefore also of all lifts under the assumption that G' and G" are 
*-cyclic) via a Redheffer linear-fractional map acting on a free-parameter input- 
output map, or equivalently, a free-parameter Schur-class function, acting between 
coefficient spaces A and A*. As has been observed before in a variety of contexts 
(see e.g. [21] |22]), a special role is played by the lift associated with the free- 
parameter taken to be equal to (the central lift). In this section we develop the 
special properties of the universal lift from the point of view of the ideas developed 
here. 
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The first step is to construct the simple unitary colligation having characteristic 
function equal to the zero function. 



Theorem 8.1. The essentially unique simple unitary colligation 



Aio 



Bio 





'Hio 








_ A _ 




A*. 



having characteristic Junction equal to the zero function 

wio(A) =Do + XCoil - XAo}-'Bo = 0: A 
is constructed as follows: take 



•Hi 



Bia — 



el (z_) 



A 







A, 



Cio — 







J* 


■(o)» 

'a. 







Dio = 0, 



(8.2) 



where in general J_ : (• • • , 2), a;(— 1)) i— > (• • • , 3), x(— 2)) is the compressed 
forward shift on £^(Z_), J+ : (a;(0), a;(2), . . . ) H> (0, x(0), . . . ) is the for- 
ward shift on (with coefficient space X clear from the context), where 
i~ : X I— >■ (. . . , 0, x) is the natural injection of A into the subspace of elements 
of iH^LS) supported on the singleton { — 1}, and i^-* : x ^ (x, 0, 0, . . . ) is the nat- 
ural injection of A* into the subspace of elements of £~ (Z+) supported on the 
singleton {0}. 

Proof. This is a straightforward verification which we leave to the reader. □ 

We have seen in Theorem 16.11 that the operator lA* on K, extends the isometry 
V on "Ho having domain 2? C "Hq and range C "Ho if and only \i U* has a 
representation of the form 

where C/o is the universal colligation given by (|6.4p or equivalently by (|6.5I) and 
(|6.6p and where /7i : ^ ^ ^ free-parameter unitary colligation, and, 

moreover, U* is a minimal unitary extension of V if and only ii Ui is a simple 
unitary colligation. We now consider the particular case where we take Ui equal 
to the simple unitary colligation with zero characteristic function Uio given as in 
Theorem l8.ll We refer to the resulting minimal unitary extension Z^g :~ Ti{Uo, Uio) 
as the central unitary extension. An application of the general formula ()6.7I1 then 
gives 



Ao 



Aq + BqDioCo BqCi 



•(-1) •* 

A A 







J* 





BioCq 

(0) 



A, 





7* 
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Ho 


on /Co := 









(8.3) 



with adjoint given by 



% = 



A* 



■ 0) 

. A, A. 



. .(-1)* 
J- 








J+ 



(8.4) 



To analyze the finer structure of the universal extension {Uo,)Cq) given by 
let us define embedding operators 



*A.,0- ^* 



by 





" " 




" " 










*A,0 ~ 




' *A.,0 ^ 




.(0) 
A* 






























Then the collection 

6o = (Wo, [«A,o *A.,o «k;;,o] ; /Co, A ® A* ® /C" ® /C^) (8.5) 

is a scattering system in the sense of Section lXTl fsee (l3.ip V Moreover, the operators 
*A 0' *A 0' *'C'_^,Oj *x:^,o have unique respective isometric extensions 

*A.o ■ ^a'-^-' ^ *A.,o-^i (Z) — > /Co, zk;",o : /C" — > /Co, iic',o- K.' ^ JCq 
which satisfy the respective intertwining conditions 

*A,o^ ^ ^o*A,o' *A,,o^ ~ ^o*A.,o' *k:",o^" = ^o«k:",o, iK'S)W =U{)iK:'fi 

where here we set J equal to the bilateral shift operator on any space of the form 
£^(Z) (the coefficient space X determined by the context). Then the collection 



6. 



^AAfl — (Mo, *A,o' *A.,o' *'C",Oj *k;',o; 
can be viewed as a four-fold AA-unitary coupling of the four unitary operators 

{j,£im, [J Aim, {u'\jc"), iu'^jc') 

which has certain additional properties. The next theorem identifies some of these 
additional properties. 



/Co) 



(8.6) 



Theorem 8.2. The scattering system (|8.5p and its extension to the four-fold AA- 
unitary coupling (j8.6p associated with the universal extension l|8.4p lA^) for a Lifting 
Problem have the following properties: 

(1) The density conditions 

imix;'.o + im«AC",o is dense in /Cq, 



span{imi/c',o, imiA:'_:,o} = ''Co G o(^UZ+)), 
spaS{imi,c' ,0, imiK;",o} ^ ICoQi^ q(^~ (Z_)), 



(8.7) 
(8.8) 



and 



span{imj/c',o, imi,c'l.o} n span{im jK:^,o, im«/c".o} = span{imiK:^.o, im«K'_:.o} 

(8.9) 

hold. 
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(2) The orthogonality conditions 

^A,o(4(^-))^^A.,o(4.(^+)) (8-10) 

and 

?^o(4(Z_))±imz^.^,o, ?^^o(4jZ+))±iniz^.^,o (8.11) 

hold. 

(3) T/ie subspace identities 

^0 ™*A.,o ^ *Ho,oA,, Z^oimiA.o *Wo,oA (8.12) 

Proof. For simplicity let us use the bold notation 

'Hq = imi-Ho,o 

to indicate the subspace Hq when viewed as a subspace of JCq . 

Property (|8.7p is a consequence of the fact that the universal free-parameter 
unitary colligation Uio given by (jS.ip and ()8.2p is simple and hence (by Theorem 
16. ip the unitary operator U* — J-e{U(), Uio) is a minimal unitary extension of V. 

To check conditions (jS.Sp . we use the orthogonal decomposition of JCq (see (|8.3p ) 

^0 = ?A.o(4(^-)) ® ™*«o.O © ?A.,o(4j^+))- (8.13) 

From the formula for Uq in (18. 3p , it is easily checked that the smallest Z^o-invariant 
subspace 7^0+ containing Ho is 

?io+ = ^0®iA.,o(4.(^+)) = '*^0©™**A.o(4(^-))- 

On the other hand, by the construction this smallest Z//o-invariant subspace can 
also be identified as Ho+ = span{imiA;".o, imix;'^,o}- Combining these observa- 
tions gives the first part of (|8.8I) . The second part follows similarly by identify- 
ing the smallest Wp-invariant subspace of ?io- containing Hq as Hq- = K-q Q 
*A o(^i (^+)) oil the one hand and also as Hq- — span{imiyc'^,oi im*K:',o} on the 
other. To prove (|8.9p . note from the above discussion that 

HQ+^Ho(Si^^Jil^{Z+)), 

HQ-=HQ®\^{t\{'L-)). 

As o(^^ (^+)) ^iid i^g(^~(Z_)) are orthogonal to each other, it follows that 
Hq+ n Hq-^ Hq, i.e., (Ell) holds. 

The orthogonality conditions (jS.lOp and (|8.1ip are clear from (|8.13p . In fact, the 
orthogonality conditions (|8.1ip hold in the stronger form 

™*A.,o -'- ™*'C',o, imi^ ^ ± imzK;",o. (8.14) 

To see this, note that K,'^ is invariant under hi' and 4^:1,0^' — ^o*k;i,o s-nd hence 
n is invariant un^ 



imi;c^,o is invariant under Uq and the first of the orthogonality conditions (18. lip 
implies that Uq^H^ oi^\ (^+)) orthogonal to imz^^' .o- As the subspace 



Ujf=oZ^o"^A.,o(^i.(2+)) - o*^_o(J™4jZ+)) 
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is dense in im j^, we conclude that imz^ p is orthogonal to imi;,;^ g. As imi^ p 
is reducing for , we conclude that in fact im ^ is orthogonal to the smallest 
Z//o"reducing subspace containing raiiiQi q, i-e., to iiniK;',0: a-nd the first of conditions 
(|8.14p follows. The second orthogonality condition in (|8.14l) follows similarly from 
the observation that im i)^" is invariant under lA"* . 

The subspace identities ()8.12p can be read off from the definitions, in particular, 
the definition oUAq □ 



Remark 8.3. One can easily verify that the orthogonality conditions (|8.10p and 
(|8.1ip can be expressed in more succinct fashion as 

%'I,o^o™*A.,o-Oforn<0, (8.15) 

*i,o"o"^K;,o = for n < 0, (8.16) 

*lo"o"«A.,o = Oforn<0, (8.17) 

and 

*i.o"o"*K'_:,o = Oforn>0, (8.18) 

*L,o^o"*^;,o = Oforn<0. (8.19) 

Since actually the stronger relations (|8.14p hold, the conditions ()8.18p and ()8.19p 
actually hold for all n e Z: 

i\ JAo''iK:'i,Q = for aU n e Z, (8.20) 

*A o^o"«k;,o = for ah n e Z, (8.21) 

respectively. 

It is of interest that conversely the properties (18. 7p . (|8.8p . (|8.10p . (18. lip and 
(|8.12l) can be used to characterize the universal extension Uq associated with a 
Lifting Problem. We present two versions of such a result. 

Theorem 8.4. Suppose that {U",IC") and {U',IC') are unitary operators and that 
IC'L C K," and /C^ C K,' are ^-cyclic subspaces with /C" and /C^ invariant under 

hi"* and W respectively. Suppose also that A and A, are two coefficient Hilbert 
spaces and that we are given a scattering system of the form 

&o^{Uo, [«A,o 'a.,0 «k;;,o] ; /Co, A ® A* ® /C" ® /C+) 

where i^Q, i^ q, ik" ,o ^.i^difc'^fi are isometric embedding operators of the respec- 
tive spaces A, A*, /C" and K,'^ into ICq. We assume also that there is a four-fold 
AA-unitary coupling 

&AAfi = (i^Oi «A,o' *A,,o' *'C",o, «k;',o; K^oj 
of the four unitary operators 

(j,4(z)), {jjim, {u\K."), {u'X) 

which extends ©o in the sense that 



(8.22) 
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Define subspaces Hq, V, I?*, A and A* o/ZCq according to 

Hq = closim [iic'^fi *k:;,o] , V = clos (^imi^c'Z^o + ^K'^^fii^^'l^'+ij , 

2?* =clos(iyc'_!,o(^"*'*C':)+imiK;;,o) , A = ^0 G A, = ^0 G (8.23) 

and tet i-Uofi'- ^ ^6 ^^^g isometric inclusion map. Suppose also that either 
one of the the following additional conditions holds: 

(1) Conditions ^1^, and (151^ aZ^ /loZd, or 

(2) Conditions (g^, (|5TIH) . (|5TT|) . and t/ie following weaker form of 
(I8J21) 

imi^ o-'-™^*Ao (8.24) 

/loZd. 

r/ien ©0 and Saa,o ft'^e egzta/ the scattering system and the four-fold AA-unitary 
coupling associated with the universal extension Uq from some Lifting Problem. 

Remark 8.5. From the first version of Theorem WM we see that if (|5T7)) . (|8.10p . 
(ISTTI) and (151^ hold, then also dMl) and dH]) hold. From the second 

version, we see that if (EH), (gH), (|8J0)) . ((8lT1) and ([Oil hold, then also ((8ll| . 
(|8Jl) and ((81^ hold. 

In the proofs below it is convenient to use the bold notation 

Ho = imi-Ho, T> = i-HofiiV), = i-Ho,o{T^*), A = i-Uoi^), A, = i«„^o(A,) 

for the subspaces introduced in (|8.23p when viewed as subspaces of /Co rather than 
of Ho, as well as the additional simplifications 

^ = 4,o(4(^-)) c /Co, - 4^ o(4jz+)) c /Co. 

Proof of version 1: The combined effect of the hypotheses (|8.10l) and (|8.11l) is that 
the three subspaces 'H.o,Q-,Q*+ ^-re pairwise orthogonal. Therefore the span of 
these subspaces /Coo has an orthogonal decomposition 

/Coo =^oGa-Ga,+ . (8.25) 

From the definitions we see that Ho has a two-fold orthogonal decomposition as 

?io =^>G A = X», G A,. (8.26) 

Due to the intertwinings 
one can see that 

U^{V)=V^ (8.27) 
and in fact we have the alternate characterizations of X> and l?, ; 

V = {heno:U;he'Ho}, V^^{h,eno:Uohseno}. (8.28) 
From the hypothesis (I8.12p we know that 

^0 (hi^*A.,o) = A = imi^ (8.29) 

and, from the intertwinings U^i^ o ~ *A o"^* ^o*a o ~ *a c^*' know that 

5- = WqS^ G imi^ p, 5,+ = imi^^ Q G Wo5*+- (8.30) 
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From the orthogonal decompositions (I8.25|) and (|8.26p for JCq and "Hq combined 
with (|8.27l) . (j8.29p and (|8.30l) we see that /Cqo is reducing for Uq- From hypothesis 
(|8.7|) we conclude that in fact /Cqo = and the decomposition (|8.25p applies with 
/Co in place of /Cqo, i-e-, we have 

/Co =e-®?io®a*+. (8.31) 

From (I8.27P we see that we may define an isometry V on Hq with domain V and 
range I?, by 

yd = d* if lA^i-Hafld ~ iuafid* for d G V, G I?*. 

It is now straightforward to check that necessarily Uq is a universal extension of 
the isometry V. Furthermore, one can check that V is the isometry constructed 
from the Lifting Problem data 

^ = ''■K'^fl'^ic'+.o, (^",^")) /C^ c /C', /C" c /C". 

This completes the proof of the first version of Theorem 18.41 □ 

Proof of version 2: Using hypotheses (|8.10p and (|8.1ip as in the proof of version 1, 
we form the subspace /Coo as in (|8.25p . If we define Hq by 

no :=/Coe [5- ® 

then by definition we have 

lCQ^Ho®G-®g,+ . (8.32) 

For convenience let us introduce the temporary notation 

"Ho- = spaji{imi/c',o, imi^c'^^o}, (8.33) 

7^0+ = span{imi,c'^_o, imi/c",o}. (8.34) 

Note that ?io- is the smallest Z^Q-invariant subspace of /Co containing Hq and that 
7^0+ is the smallest Z//o"invariant subspace of /Co containing Hq. Hypothesis (18. 8p 
now takes the form 

/Co -?io-©e*+, (8.35) 
K.o = 'Hn+®g-. (8.36) 
Combining ((OSt and (lOe)) with ([QS]) gives 

Since Q is orthogonal to in /Co, we then get 

We may now invoke (|8.9p to conclude that "Ho = and hence also /Coo = /Co and 
/Co has the orthogonal decomposition (|8.25p (with /Co in place of /Cqo), i.e. ()8.3ip 
holds. 

From the third condition in (|8.10p combined with (|8.24p . we see that in fact 
Z^o im*A..o -'- Wimi^ Q_L5*+. 

But also 

imz^^ _L 5,+ , Wimi^ p_L^_. 

Hence we have 

U* imi^^ g _L ^_ © 0,+ , imi^ -L ^- © 
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From the orthogonal decomposition for ICq (|8.13p . we conclude that 



(8.37) 



As in the proof of version (1), we see that X> and 1?* have the characterizations 
(|8.28l) and 7io has the two orthogonal decompositions (|8.26|) . By combining these 
observations with the decomposition (|8.25p for ICq and the fact that Uq is unitary 
on /Coo, we see that the containments (I8.37P actually force 



i.e., (|8.12p holds. From (|8.12p combined with the already proved decomposition 
(|8.31l) for /Co we see that (|8.7p holds as well. 

It now follows from the already proved version (1) of Theorem 18.41 that (Wo,/Co) 
is the central lift with associated central scattering system ©o and four-fold AA- 
unitary coupling &aa.o coming from a Lifting Problem as asserted. □ 

Theorem 17.11 gives a parametrization of the set of all symbols wy (with respect 
to a choice of two scale subspaces G" C /C" and G' C JC'^) via a Redheffer-type 
linear- fractional-transformation (17.41) 



— So + si{I — ujs) ^ujS2 

where lo: £^(Z_|_) — !■ £^ (^+) is the input-output map for a free-parameter unitary 
colligation, and where the Redheffer coefficient matrix (see (|7.6p ) 



So S2 




■ G' ' 




■£e"(Z)" 


Si S 











is completely determined from the Lifting-Problem data. Note that, if elements of 
the space £g„^^(Z) are expressed as infinite column vectors, the first column of the 
Redheffer coefficient matrix 



G' 



ba(^) 



can be expressed naturally as a column matrix 

= C0l„gz 



so{n) 
si{n) 



If we also view elements of H-^ (^+) as infinite column vectors, then the second 
column of the Redheffer coefficient matrix 



^aJ^+) 



,a(^) 



can be expressed as an infinite matrix which has Toeplitz structure: 

for n G Z, m G "Lj^. 



S2{n - 
s{n - 



- ra) 
m) 



(8.38) 



n — m , 

Let us define the Redheffer coefficient- matrix symbol to be simply the operator 
sequence 

so(") S2(n) 
si(n) s{n) 
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(8.39) 



The following result shows how the Redheffer coefScient-matrix symbol can be 
expressed directly in terms of the universal extension Uq. To this end we introduce 
the notation 

ig'.o- G' ^ 1^0, ig'^Q- G" ^ ICo 
for the inclusion of Q' in ICq obtained as the composition ig'fl — ino.oig' of the 
inclusion of Q' in "Ho followed by the inclusion of Uq in ICq, and similarly ig" fi = 
iuafiig"- 



so(n) S2(n) 
si(n) s(n) 



for a 



Theorem 8.6. The Redheffer coefficient-matrix symbol | 

Lifting Problem can be recovered directly from the central extension Uq (see (|6.4p 
or (|6.5p and (|6.6[) ) according to the formula 



SQ{n) 


S2{n) 




i* 


si{n) 


s{n) 







(8.40) 



Moreover, 

S2{m) = for m < 0, Si(to) = anrf ,s(m) = for m < 0, 

and also 

s(0) = 0. 



.41) 



(8.42) 

Proof. We first check that the formula (|8.40l) is correct for n < 0. By using the 
definitions (|7.3p to unravel formula (|7.6I) . we read off that, for n < 0, 

so(n) = i*g"fiU*'^ig'fi, si{n) = 0, S2{n) = 0, s(n) = 0. 

The first formula matches with the upper left corner of (|8.40l) for n < 0. As 
G" C 1C'!_ and G' C fC'j^ by assumption, the other three blocks match up for n < 
as a consequence of the identities (|8.15l) . (|8.16p and (|8.17l) . 

We next verify (|8.40p for n > 0. From the Toeplitz structure (|8.38p we see that 
the validity of (|8.40p for rt > is equivalent to showing that 



•* 7/*n 



K [ig' 



(8.43) 



From the definition (j7.3p we have 



rs+ s+i 




Ig" 


0' 




[9+ 






ig' 


0" 


S+ S + _ 







/ 




.5+ 


s+ 







/ 



Combining this with (|8.43l) . we see that it suffices to show that 



^0 ^2 ^aI"' 

Si S'+zt(o) 



i*~ U, 

A.O ' 



(8.44) 



From the definition of 



S+ 5+ 



as the forward-time augmented input-output map 



for the unitary colligation Uq, we know that 
St S2i^(o) 







S~^l^(.a) 





flQ 




'ho{n)' 






(5* 


-{ 


S{n) 


} 



means that 
ho{0) = ho, 



.'5(0). 



= Uq 



'ho{n + l] 
S{n) 
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= C/n 



/io(n) 




for n > 0. 



..45) 



ho{n) 




,•* 


S{n) 







Given hg e Hq and (5* G A*, let us define ho{n) G Ho and G A by 

UQ^k where k — i-Hq.o^o + ^a. o*^*- (8.46) 

Then (|8.40p follows if we can show that {ho{n), S{n)}n£Z+ so defined satisfies (|8.45p . 

The first equality in (I8.45P is immediate from the fact that im i-Hq q is orthogonal 
to imz^ p in /Co- 

The second equality in (|8.45l) is an easy consequence of the general identity 



Un = 



*A,0 



(8.47) 



connecting Uq and Uq. This identity in turn is an easy consequence of the formula 
(|8.3p for Uq and is an analogue of the formula (|6.3p connecting Ui and U in a more 
general context. 

The third equality in (|8.45p can also be seen as a consequence of (|8.47p as follows. 
For n > we compute 



Un 



ho{n) 




= Un 







A,0 



Wo*«o.o»«,,oWo"^ (by (ElZl)) 



(8.48) 



where /c = iuofi^o + *a o*^*' ^'^'^ where P-Hq is the orthogonal projection of /Co 
onto imz^u o- To verify the third equality in (I8.45P it remains only to show that 
the projection P-^o is removable in the last expression in (|8.48p . To this end, use 
the orthogonal decomposition 

^0 = i'A,o(4(^-)) ® ™*«o.o ® z'a.,o(4..o(^+))- 
Note that U^-^k ± ?A.,o(^i (^+))' 



for n > 0. Moreover it is easily checked 



(8.49) 
(8.50) 



From conditions (|8.49l) and (|8.50p we see that indeed the projection P-u^ is remov- 
able in (|8.48p and the third equation in (|8.45p follows as required. 

Now that the validity of (|8.40p is established, we see that S2(0) = as a conse- 
quence of (|8.15p for the case n = 0. 

It remains to verify that s(0) = z~ J^oi^ g = 0; or equivalently. 



™*A,o -L^o im«A.,o- 
This can be seen as a direct consequence of the definition of Uq in (|8.3p 
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Remark 8.7. In the proof of Theorem 18.61 it is shown that, given that Uq and Uq 
are related as in (|8.47|) , then ()8.46p imphes (|8.45|) . This observation can be seen as 
a special case of the following general result. Given a unitary operator lA on K,, a 
unitary colligation U of the form 



U = 



such that 



'A B 




n 




'n 


C D 




£ 






7* 


u* 


[in ie 


]■ 



(8.51) 



where 

i-H- H ^ IC, is: £ IC, ig^ : £, 
are isometric embedding operators with 

H 



IC 



imz^ _Limi£ so [z^ ig] : 
im _L im so [in ig^] 



£ 



■ JC is isometric, 
IC is isometric, 



then, for any fc G /C, if (e, h, e*) of ^^(Z) x i-ni^) x (Z) is given by 

e(n) = i*i;Wk, 
h{n) = i*^Wk, 
e,{n)^ilU*''+^k, 

then (e, /ijC*) is a U -system trajectory, i.e., the system equations 



h{n+l) 
e^,{n) 



= U 



h{n) 
e(n) 



.52) 
.53) 



hold for alln € Z. Under these assumptions there is no a priori way to characterize 
which system trajectories (e, /i,e*) arise from a fc S /C via formula (|8.52p . If we 
impose the additional structure: 

imi£ and iiaig^ are wandering subspaces for U, so there exist uniquely 

determined isometric embedding operators 

is ■.il{Z)^IC, i£. : (Z) ^ JC 
which extend ig and ig, in the sense that 



- .(0) 



r .(-1) 



and IC has the orthogonal decomposition 

IC - imi„ ® z*£.(4(Z_)) ©?£(^|(Z+)), (8.54) 

then one can characterize the system trajectories of the form (|8.52|) as exactly those 
of finite-energy in the sense that 

e e ejiZ) and S (8-55) 

or, equivalently, in the sense that 

elz+ G ^|(Z+) and e,|z_ G 4.(Z_). (8.56) 

With the additional wandering- subspace assumption and orthogonal-decomposition 
assumption (|8.54p given above in place, then the map k n- (e(n), h{n), e*(n)) defined 
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by (I8.52[) gives a one-to-one correspondence between elements k oj K, and finite- 
energy U -system trajectories (e, ft., e*). This last statement is essentially Lemma 
2.3 in 10^ and is the main ingredient in the coordinate-free approach in embedding 
a unitary colligation into a (discrete-time) Lax-Phillips scattering system. The 
reader can check that the situation in Theorem 18.61 meets all these assumptions 
(with A in place of and A, in place of £); the computation in the proof of 
Theorem 18.61 exhibits the k = i-HghQ -\- i^ ^6^, corresponding to the finite-energy 
system trajectory supported on Z+ with initial condition ho and impulse input 
supported at time n = equal to (5*. We invite the reader to consult 13' for an 
extension of these ideas to a several- variable context. 



9. The characteristic measure of the universal scattering system 

AND associated HeLLINGER-SPACE MODELS 

In the sequel we assume that the subspaces Q' C /C^ and Q" C /C" are chosen 
to be 

g' = ic'+, g" = ic'L. 

Given the scattering system ©o (|8.5p arising from the central extension Uq associ- 
ated with the data set 



X, {U',IC'), {U",IC"), /CVc/C', IClcIC" 
for a Lifting Problem, following the discussion in Section r3.1l (see 



(9.1) 
with a minor 

adjustment, we define the central characteristic measure S for the Lifting-Problem 
data set ((97T1) by 



A.,0 
7* , 



Euoidt) [Hoi 

A.O *A,,0 ^K.-,0 *AC^,oJ 



(9.2) 



where Eug{dt) is the spectral measure for the unitary operator Uq. The next theo- 
rem lists some special properties of the central characteristic measure T,Q(dt). 

Theorem 9.1. Suppose that So(c?t) is the central characteristic measure associated 
with a Lifting- Problem data set ()9.ip as in ()9.2p . Then the following properties hold: 

(1) Y.Q is a positive operator measure of the form 



So 





's 





Si 


r 














fj" 


So 


^1 





*0 


a' 



(9.3) 



where m is Lebesgue measure on the unit circle T. 

so("i) S2(m) 
si(m) s[m) 



(2) The Redheffer coefficient-matrix symbol I ""j;™:' S2{m) i j.^^ ^^^^ 
G' = /C^, Q" = K"_ (see Theorem |7. J[ ) is the moment sequence of the 
corresponding measures Sq; S2; ?i o,nd J appearing in Eg' 



si(m) s{m) 





' i* 

'■K." ,0 







A.,0 



*^;,oJ 



So 
Si 



S2 

s" 



[dt). (9.4) 
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(3) The measures s, S2, s'l are analytic operator-valued measures in the sense 
that 



t-'^sidt) =0 and / V 
and moreover 



'si{dt) ^Oform<0, 



s{dt) = 0. 



t-"'s2idt) = /or m < 
(9.5) 

(9.6) 



Proof. By the spectral theorem we see that the moment sequence of Eq is given by 



?■* 



In particular, 



0*A,0 *A.,0 *'C'_!,0 



(where 5m,o is the Kronecker delta symbol equal to 1 for m = and for m ^ 0) 
since im«^ ^ is wandering for Uq. We conclude that the (1, l)-entry [So]i,i of Sq 

is indeed rnl-^ where m is Lebesgue measure. Similarly, the (2, 2)-entry [Eo]2,2 is 
equal to ml-^ . 

From (|8.40p we read off that the Rcdheffer coefficient-matrix symbol (|8.39p (for 
the case here where Q' = K.\ and Q" = /C" ) is given by 



so(w) S2(m) 
s\(m) s(m) 



So,; 
So.; 



50, ; 

51. ; 



3,4 

1,4 

S2,r7i 
Sm 

So S2 

's 



So,; 
So,; 



3,2 
1,2. 



(dt) 



from which (|9.4p follows immediately. The analyticity properties (|9.5I) and (|9.6p 
can now be seen as a consequence of the analyticity properties (|8.41[) and (|8.42p of 
the Redheffer coefficient-matrix symbol, or, equivalently, as a consequence of the 
orthogonality relations (|8.10p and the fact that Uq imi^ ^ _L imi^ g. 

It remains only to verify that [So] 1,3 = and [So]2,4 = 0. In terms of moments, 
we must verify that 



*A0"0 ^K'Z.O 



and il^^^Ur^K'^ 



for all m G Z. 



But these conditions are the strengthened versions (|8.20p and (|8.2ip of the or- 
thogonality relations (|8.1ip in Theorem 18.21 This concludes the proof of Theorem 
O □ 
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We now use the central characteristic measure to provide a HeUinger space model 
for the central extension Uq and the associated (slightly adjusted) scattering space 
©0 and four-fold AA-unitary coupling &o.aa as follows. Consider the central scat- 
tering system with adjusted scale operator (still denoted ©o) 



A.,0 



As im [jk;'^,o i/c'_|_,o] is *-cyclic for Z//o, certainly im [Z^o«a,o *a.,o *k'I,o */c'_|_,o] 
is *-cyclic for and the Fourier representation operator (see p.l7p ) 



A,0 ' 



A.,0 



Euo{dt)ko 



maps /Co unitarily onto the Hellinger space C^'> (see 
Inside C^^' we consider the following subspaces: 





for complete details). 



J"o(nn«K:",o) = So 








K' := J'o(imiK;'.o) = So 









K"_ := To{iuiiic'^^o) = Eo 










K', := J'o(im/C^) = Sq 






JC' 



'Ho := J"o(imi«o,o) =closi;o 






/C'l 
IC' 



T> J-o(z?^o,o(2?)) =closEo 








X>, := Toii-HofiC^*)) = closEo 






U"*IC'_L 



•(0) 



:= J'o(im«A. o) = ^0 



A, 





(-1) 



J"o(hiiiA o) = ^ 



(9.7) 



As a translation of the conditions (|8.12p we see that then we also have 



So 



A 











= clos Eq 



IC" 







_/c; 


" 




" 


Ah. 




— clos Eo 



IC" 










G clos Eo 



G clos Eo 






IC'1_ 

w'/c; 




U"*IC'!_ 
IC' 



(9.8) 
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and as a consequence of (I8.13|) we have 







" " 




" " 






® clos So 



/C" 


©So 


















(9.9) 



In addition we have the foUowing resuh which generahzes a resuh of Adamjan- 
Arov-Krem [2]. 



Theorem 9.2. //So as 
Problem, then 





s" 




■ 


Si 




'a" so 


[-1] 


'0 


S2 


s* 






c- * 
.2 











* 
. 1 






«s the central characteristic measure for a Lifting 

(9.10) 



in the sense of measure Schur- complements as in |18) . 

Proof. We are given that imi^" + imij<;^ is *-cychc for Uq in /Co- By transform- 
ing this condition to the space under the unitary transformation J^o, we see 
that the space K'^ + K'L is weak-* dense in £^°. As a consequence of statement 
p.lSp in Theorem 13. 7[ we see that this is equivalent to the property that the Schur 

in the matrix-measure So is zero, i.e., condition 

□ 



complement of the block 
(pHI)) holds. 



The next result says that, conversely, the properties (|9.5I) . (|9.6p . (j9.8|) and (|9.10p 
can be used to characterize central characteristic measures for a Lifting Problem. 

Theorem 9.3. Suppose that we are given unitary operators {U",IC") and {U',IC') 
together with ^-cyclic subspaces K."_ C K," and K,'^ C /C' invariant under hi"* and 
W respectively. Suppose that A, and A are two coefficient Hilbert spaces and that 
So is an £(A © A* © /C" K,'_^_)-valued measure of the form (19.31) satisfying the 
following properties: 

(1) The measures a" and a' are given by 



a"{dt) 



,Eu"{dt)i^,^^^„^ cj'{dt)^il,^^,Eu'{dt)i^.^^, (9.11) 



where iic"^K" md ijc'^^K.' fw^e the inclusions of KJ'_ into K." and of K.\ 
into KJ respectively, and where Eu" and Eu' are the spectral measures for 
U" and hi' respectively. 

(2) The measure Schur- complement condition (j9.10l) is satisfied. 

(3) The measures "s, s"i and '§2 satisfy the analyticity conditions ()9.5p . 

(4) Conditions hold. 

Then there is a Lifting Problem so that {Mt,C^°) is the associated central lift, the 
collection 



(9.12) 



is the associated central scattering system, and 



So (to) S2im) 
Si{m) s{m) 



:= I 

J' 
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T 



50 S2 

51 S 



idt) 



is the associated Redheffer coefficient-matrix symbol. Here Alt *s the operator of 
multiplication by the coordinate function t on C^" and 



Ms : A © A* 

^0 



is the model scale operator of multiplication on the left by the measure Sq- 

Remark 9.4. Part of the content of Theorem 19.31 is that condition (I9.6P is a 
consequence of the hypotheses given in the statement of the theorem, in particular, 
of the condition (19.81). 



Proof. Let Sq be as in the statement of the theorem. If we ignore the middle 
expressions involving subspaces of /Cq and the Fourier representation operator J-q, 

we may use formulas ()9.7p to define subspaces /C", /C', /C" , K.'_^, 7io, T>, X>*, \ 

t(o) ~(-i) 

A^ , A of C^°. 

We wish to apply the first version of Theorem l8.4l to the case where ©o is equal to 
the Hellinger- model scattering system ©o- We first verify that the model scattering 
system ©q (|9.12p extends to a model four-fold AA-unitary coupling 



&AA,0 = (Mt, 

of the unitary operators 



(9.13) 



(J,4(Z)), (J,4JZ)), {U",IC"), {U'X) 



(9.14) 

as required in Theorem 18.41 For 5 e ^^(Z) of the form 5 = J"i''£'S for some n e Z 



and (5 e A, we define i^*^ = i"I]o((ii) 



Since the (1, l)-entry of Sq is m ■ /t. 



it follows that extends to a well-defined isometry mapping £'~^ (Z) into C " with 



the additional property that :— t ^Eq 



A . Similarly, 



the formula i 



extends to an isometric embedding of 



r,,o.g):A.^Ar. 



(Z) into C^" with the extension property :— Eq 

Moreover, the definition of cr' and cr" via (|9.1ip implies that MtM^' = Mc'W in 
C{K'+,C"') and Mt-iM^,, = M„nU"* in £{JC'L,C''"). This implies that we can use 
the wave-operator construction to construct isometric embeddings 

with the extension properties 



iK:'|/c'_|_ — ^0 



So 











A consequence of the wave-operator construction is that 

imi^:" ~ /C", imi^c = K.' . 
We also note the subspace identifications 



i^(4(Z_))-Eo 









(4jZ+))=Eo 
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It is now clear that (|9.13p is a four-fold AA-unitary coupling of the four unitary 
operators (|9.14p which extends the scattering system &o as required in Theorem 



To apply the first version of Theorem l8.41 it remains to check the conditions (|8.7I) , 
((8T0| . (ISTTTj) and (|8TT2)) . As noted in the proof of Theorem [9?2l the vanishing of the 
measure Schur-complement ()9.10|) is the functional-model version of the condition 
(|8.7|) . The analyticity conditions (|9.5|) imply that 



K' _LSn 



Hi- 







K.', _L Sn 



Hi 



A, 






K"_ _L K' 



where /C^ and /C" are defined as in (j9.7p : one can check that these conditions are 
just the functional- model version of the orthogonality conditions (|8.10[) . The pres- 
ence of the in the (1, 3) and (2, 4) locations of Eo is equivalent to the orthogonality 
conditions 

_L K", So 



So 










which is the functional-model equivalent of condition (j8.11l) in the stronger form 
(j8.14|) . As we have already noted, the assumption (|9.8|) is the functional- model 
equivalent of conditions ()8.12p . 

By Theorem 18.41 (first version) we conclude that (Mt,£^°) is the central exten- 
sion, ©0 is the central scattering system, and &aa,o is the four-fold AA-unitary 
coupling associated with the Lifting Problem with data set 

X = il„iic' =so{V, (W',/C'), /C'lc/C", /CVc/C'. (9.15) 

Finally, application of the formula (|8.40p to the present setting tells us that the 
associated Redheffer coefficient-matrix symbol is given by 



so(to) 


S2(to) 










/ 


0" 


si(to) 


s{m) 


-1 


/ 












= t 



sq 

31 



S2 



(dt). 



This concludes the proof of Theorem 19.3 



□ 



Remark 9.5. S. tcr Horst [31] has obtained a solution of the inverse Relaxed Com- 
mutant Lifting (RCL) problem. Although, RCL is a generalization of the Commu- 
tant Lifting considered in the present paper, the setting of the inverse problem of 
[31) is quite different from our inverse problem even in the context of the classical 
Commutant Lifting. We discuss the difference in this remark. 

If we use the formulation in Remark l7.31 we see that lifts Y have a representation 
of the form 

X 
^hDx 

where is the operator of multiplication by the function H{Q) := yo+(C) ^-s in 
formula (|7.10|) . The set of such functions H(() is in turn parametrized by the 
Redheffer linear-fractional map H{C) = $ii(C) + ^MOil - l^(C)*22(C))"^*2i(C) 
where is a free-parameter operator-valued Schur-class function of appropriate 
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Y = 



size and $ = [t>ll til ] Redheffer coefficient matrix. The inverse problem 

as formulated in |31| is to characterize which Redheffer coefficient matrices arise in 
this way. The result is that any coefficient matrix $ : E) — > C{L(i ®Z^2, ©3^2) such 
that the multiplication operator 





















U2 







is coisometeric arises in this way. In this formulation of the inverse problem, there 
is flexibility in the construction of the underlying contraction p, i.e., a contraction 
p — [ p2 ] so that the analogue of (|7.15p is satisfied for all 10+ — [^] i as well as 
in the choice of a compatible RCL data set. 

Our Theorems l8.4l and l9.3l can also be considered as solutions of inverse problems. 
In Theorem 19.31 we specify not only the Redheffer coefficient matrix but also the 
measures a' and a" giving Hellinger-space models for the unitary operators W and 
U" as well as the subspaces /C^ C K! and /C" C K." and the intertwining operator 
X, i.e., the whole data set for the Lifting Problem. It is then automatic that 
the given Redheffer coefficient matrix parametrizes some subset of the set of all 
solutions of the associated Lifting Problem for this data set. The only remaining 
issue is to characterize the structure required which guarantees that the image of 
the Redheffer linear-fractional map gives rise to the set of all solutions of the given 
Lifting Problem. Theorem 18.41 is just a coordinate- free version of the same result: 
one specifies a four-fold AA-unitary coupling and seeks to characterize when it is 
the four-fold AA-unitary coupling coming from a Lifting Problem. Another version 
of the inverse theorem is Theorem 110.31 below where one is given just the Redheffer 
coefficient matrix along with the measures a" and a' . 

We close this section with some observations concerning the absolute continuity 
of the measures s'l , S2 and s' inside the central characteristic measure coming from 
a Lifting Problem; these results generalize similar results for the case of the Nehari 
problem in |2l. 

Theorem 9.6. Suppose that Eg is a positive strong operator-measure of the form 
(j9.3p . Then the measure s" is uniformly absolutely continuous with respect to Le- 
besgue measure and the measures s"i and S2 o,re strongly absolutely continuous with 
respect to Lebesgue measure. 

Proof. The positivity of Sq (see (|9.3|) ) implies that 

\\s{B)\\ < m{B) 

for every Borel set -B C T; this in turn means that J is uniformly absolutely con- 
tinuous with respect to m (see Section 3 in IB] for more details about absolute 
continuity, in particular, definitions (3.1), (3.5), (3.23), (3.24) and formulas (3.6), 
(3.26) appearing there). The positivity of Sq also implies that 

\\UB)K\\ < VHB) .y/(a'(B)fcV,fcV). 

Then (see (3.1) of Section 3 in [18] for definition of the variation of a vector measure 
and also Theorem 3.4 ibidem for more details) 

var j,fc^(B) < ^m{B) ^ {a' {B)k'+ , k'^) . 
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This means that the measure s"ifc;^ is absolutely continuous with respect to Lebesgue 
measure. □ 

Remark 9.7. Here we give a couple of alternate routes to results on the absolute 
continuity of s', s'l and s'2 which handle various special cases. 

If we in addition impose the analyticity conditions (j9.5p on the entries s'l , S2 and 
s", then at least weak absolute continuity of 's, s'l and S2 with respect to Lebesgue 
measure is an immediate consequence of the F. and M. Riesz theorem (see e.g. [28} 
page 47]). 

Alternatively, if we assume all the conditions in Theorem 19.31 so that Sq is the 
universal characteristic measure coming from a Lifting Problem, by using the con- 
nection (|8.40p between Sq and the Redheffer coefficient-matrix symbol together 
with the explicit formula (see (|7.3p and (|7.6p ) for the Redheffer coefficient matrix, 
we see that 

s{dt) ^ s{t) ■ m{dt), si(t) = si(i) • m(di), S2{dt) = S2{t) ■ m{dt) 
where s{t) is the boundary- value function for the Schur-class function 
s{0 = aiK'L^HoTCoil - ^Ao)-^B^i,cu 



and si[t) and S2(i) are the boundary- value functions for the strong operator- valued 
_ff ■^-functions 



where Uq = [ c-q ] universal colligation constructed from the Lifting Prob- 

lem data (see (jOD, (ES]), (1^). 

10. A MORE COMPACT HeLLINGER-SPACE MODEL AND MAXIMAL FACTORABLE 

MINORANTS 

Suppose that Eq is the central characteristic measure (|9.2p coming from a Lifting 
Problem. As we have seen, the subspace 




K.'L[t] 

(where JC!_ [t] is the space of analytic trigonometric polynomials with coefficients in 
/C" and similarly /C^[i^^] is the space of conjugate-analytic trigonometric polyno- 
mials with coefficients from JC^) is dense in £^0 as a consequence of the condition 
(or, in measure-theoretic terms, of (|9.10p V By applying Theorem 13.71 with 



So 



(10.1) 



(To := "s* "^1 in place of cth, we see that the closure of the space (|10.ip can be 

identified with C^" . Moreover, as long as the condition ()9.10p is in force, as a 
consequence of the observation (|3.18p we see that the map 

0' 

P" ^ 



p 



(10.2) 
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(where 



[i, t ^] is a trigonometric polynomial with coefficients in 



) extends to define a unitary transformation from onto . Alterna- 
tively, we may construct directly a second model central scattering system with 
ambient space as follows. 
Define maps 



1^1,0 ■■ IC'. ^ C° 



by 



i/Cl,o : fc+ '-^ 







and extend them to 



i/C',o: IC' L° 



by 



t-'^k'^ 



''^K'L ,0- k"_^ (To 
IK". a- K" 







where A:^ e /C^ and fc" G K,"_ . We also define subspaces 



_ ^ 

and define isometric embedding operators 

(-1) 



(0) 







by 



with extensions 



^0 . iA.,o:^* 







(0) 







given by 



A»,0 







S2 



The fact that all these maps are isometries is a consequence of the identity (|9.10p . 
One can check (with occasional use of various tools for manipulation of Hellinger 
spaces from [18] to complete the details) that 



©0 



(Mt, [ia.o iA.,0 ^ic'l,Q iK;,o] ; C^°, A ® A, © /C'l ® /C^) 



is also a central scattering system associated with the same Lifting-Problem data 
set (19. ip which extends (in the sense of Theorem 18. 4p to the four- fold AA- unitary 
coupling 

^^_o' ^'C".o jiK'.o; ^'^") 
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of the unitary operators (I9.14p . We mention that the property 
following form for the C^^ functional model: 



assumes the 



Clos (To 
Clos (To 







= imi-Ho,o ' 





C* tt21 







C* rr2-L 







(10.3) 



We note that construction of the space does not explicitly make use of s'l , 
S2, s" which appear in Sq; hence it must be the case that s^i, S2 and 's are already 
somehow encoded in the ingredients cr', a" and sq of So- The goal of this final 
section is to make this idea precise. The first step is the following result concerning 
maximal factorable minorants. 

Theorem 10.1. Suppose that Sq of the form (j9.3p is the central characteristic 
measure (|9.2p for some Lifting Problem. Then the following hold: 

(1) The domination property 

1 _ 



So > Si—si 
m 



(10.4) 



holds between'so and'si. Moreover, s^-^'si is o right maximal factorable mi- 
norant of a' —'s^a"^~^^'so in the following sense: if r\ is a strong C{JC'_^_,Af)- 
valued conjugate- analytic measure such that 



So > r-^—ri, 



(10.5) 



then there is a contractive strongly conjugate-analytic C{Af, A) -valued func- 
tion 01 such that 

r* ^ r^ei (10.6) 

(where the equality between measures holds in the strong sense). 
(2) The domination property 



a" -S„Ct'^-'%> {t-'s2)-it-'s2r 

m 



(10.7) 



holds between 'sq and S2- Moreover, [t ^S2)~(i ^S2)* is a left maximal 
factorable minorant of a" — ^Qa'^~^^^Q in the following sense: if r-i is a 
strong C{Mf:, !€'!_) -valued analytic measure such that 



1 



'2; 



(10.. 



then there is a contractive strongly analytic C(Af^,, A,,) -valued function 02 
such that 



r-i = {t-^S2)92 



Thus, given a measure So so that 



(10.9) 

> 0, the remaining nonzero entries s"i 



and S2 of a central measure Eq for a lifting problem are uniquely determined up to 
unitary- constant left/right- factor normalizations ofsi and's2. 
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Proof. We prove only the first statement as the second is completely analogous. 
From the positivity of Eq we deduce the positivity of any of the 3x3 principal 
submatrices, in particular: 

' nl^ 
a" 



si 
So 
a' 



> 0. 



(10.10) 



By a standard Schur-complement argument, this is equivalent to 



> 



from which we get (|10.4p . 

Next, suppose that ri is as in the hypotheses of the theorem. By the same 
Schur-complement argument one can see that (jlO.Sp is equivalent to 



ml^ 


[-1] 




a" 







'a" 

.So 


So 


> 


0' 


1 








m 



[0 



Another Schur-complement argument converts this to 

mlf^ ri 




a" So 



> 0. 



By the definition of Hellinger spaces (see Section [XD and especially (I3.10|) '). it now 
follows that G for each n G Af. Due to the conjugate-analyticity of rln 



we then have that 







_L do 



JC' 



As a consequences of (|10.3p . the closure of the space (Tq 
exactly as the orthogonal complement of the space 
that there is an element g-^n of so that 







in 



(10.11) 

can be identified 
£0-0^ We conclude 



1 


■ ■ 




'0' 
















Sl 



5- 



As the correspondence n i— >■ (7_^„ is linear, it follows that there is a strongly 



conjugate-analytic function 91 so that = t 
rive at (|10.6p . Taking the Schur complement of 



mI^f - [O ri] 



a" 


So 


[-1] 


"O" 




a' 






_Sq 







mI^f — 9i [O Sl] 



From (jl0.11[) we now ar- 
in (jlO.lOp then gives 



91 > 0. 



a" 


So 


[-1] 


"O" 










. 1 







But a consequence of (|9.10p is that 



[0 



Sl 



So 
a' 



and it follows that Ij^ — 9i9l > and 9 is contractive as required. This completes 
the proof of Theorem 110.11 □ 

In a similar vein one can obtain another positivity property for which the max- 
imal factorable minor ant is zero. 
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Theorem 10.2. Suppose that Eq of the form (j9.3p is the central characteristic 
measure (j9.2[) for some Lifting Problem. Let 



S ■ 



So S2 

s'l 's 



be the Fourier transform of the associated Redheffer coefficient-matrix symbol. Then 
the following hold true: 

(1) 



tr" 
ml 



A, 



- s* 



a' 
ml 



A, 



S>0. 



(10.12) 



Moreover, is the right maximal factorable minorant for ()10.12p in th 
following sense: if ^* is a strongly conjugate- analytic C (^Af, 
measure so that 



A. 



-valued 



a" 
"i/^ 



-s* 



ml^ 



S > $* — $, 
m 



(10.13) 



then $ 0. 



(2) 







ml^^ 



S* > 0. 



(10.14) 



Moreover, is the left maximal factorable minorant for (|10.14|) in the fol- 
lowing sense: if If is a strongly analytic C ^A/"*, 
.such that 



K'L 
A 



-valued measure 



then 



tr 


0. 





"*-^A. 



s 



a 






™^A. 



s* > $: 



Proof. We prove only part (1) as part (2) is similar. After interchanging the second 
and third rows and then the second and third columns in (I9.3|) . we get 



V — 



ml 



A 

a 
S'* 







S' 



ml 




A. 



ml^ 





s' 


Si 







S2 


So 




^2 








*0 





( 



>o, 



If we then interchange the first two rows and then the first two columns and then 
the last two rows followed by the last two columns, we arrive at 







S* 



S 



mH 



a 


*2 




to/a 



So 

Sl 

a' 




S2 

s" 




to/ 



A.. 



Clearly, the positivity of Eo is equivalent to the positivity of Eo- By a standard 
Schur-complement argument, the positivity of Eo in turn is equivalent to (|10.12p . 
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Clearly, is a left maximal factorable minorant for (I10.12p if and only if is a 
maximal factorable minorant for the Schur complement in Eq: 

-1] 



ml 



A, 







S" 











S' > 0. 



(10.15) 



By a Schur-complement argument, if in fact (|10.13p holds for a strongly conjugate- 
analytic $*, then 



ml_\r 
0" 




[0 0] 







a" 
S'* 



S' 





> 0. 



By the definition of the Hellinger space, this in turn implies that lol n e for 

L ** J 

every n G Af. Since by assumption $* is strongly conjugate-analytic, then, as in 
the proof of Theorem 110. 1[ we have 







0' 















_L 









ml^ 
a" 

S'* 



S' 



■4- 



But by 



we know that the linear manifold 







a'- 
S'* 



S' 



ml 



A, 









A 




/C" 












L/c;J 



is already dense in £^0. Therefore necessarily $ = 0, completing the promised 
proof of part (1) of the Theorem. □ 



We next show that Theorem llO.ll leads to the following characterization of central 
characteristic measures; this version is more intrinsically function-theoretic than the 
characterization given by Theorem 19. 31 



Theorem 10.3. Suppose that Sq *s a strong £(A0 A* ® /C" ®K,'^) -valued measure 



of the form 



Suppose that ctq 



is a positive £(/C" K,'^)-valued 



measure which determines the remaining entries 'si, S2, 's in Sq according to the 
following procedure: 

(1) 'si is an analytic measure such that is a maximal right factorable 
minorant for a' — sJcr"[^^lso- 

(2) S2 is an analytic measure with ?2(T) = such that {t''^'s2)^{t^^'s2)* is a 
maximal left factorable minorant for a" — Sq(7'[~^1sJ. 

(3) The formula 



ml 



A. 





'0 


Si 




ct" 


So 


[-1] 


'0 


32 




.2 







.■So 


a' 




. 1 






(10.16) 
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holds true for the analytic measure J which in addition satisfies 



siT) 



3{dt) = 0. 



(10.17) 



Assume in addition that 
\JC'L[t] 



- Clos CTo 



K."_ 



= - clos CTo 



C^[C''° - clos CTo 

(10.18) 

Then Sq is the central characteristic measure arising from some Lifting Problem. 



Proof. Assume that Eq has the form (|9.3p with Ji, S2 and sq determined from 
aQ — ^"i as in the statement of the theorem. We wish to apply the second 

version of Theorem 18.41 to conclude that TP is the central characteristic measure 
for a Lifting Problem. 

From the hypothesis (|10.16p combined with the observation p. 181) . we see that 
the first hypothesis (|8.7p required for application of the second version of Theorem 
holds. 

The maximal-factorable-minorant properties of 'si and S2 imply that 





clos ao 

clos (To 



lC'L[t\ 



s^m- 



e 



A, 





(10.19) 



Property (|10.16p implies that the map U^^ given by p0.2p is unitary from C^" 
onto One can check that 



U. 







Hi- 







5^0, So 



S2Hi 










Hence (|10.19[) transforms to the equivalent condition in £^°: 

' H% 



clos Eo 



clos Eo 








K'!_ 



C^" e Eo 



4" 







Hi 








(10.20) 



Conditions (|10.20p are just the functional-model equivalent of conditions 

It is easily checked that condition (|10.18p is just the translation of (|8.9p to this 
functional-model setting. 

Conditions (|8.10p for this case can be read off from the analyticity of t^^S2, 
s"i and 's, respectively. Similarly, conditions (jS.lip can be read off from the zero 
appearing in the (1,3) and (2,4) entries of Eq, respectively. Condition (|10.17p can 
be seen to be equivalent to (|8.24p . The second version of Theorem 18.41 applies to 
lead us to the desired result. □ 

Combining Theorem 110.31 with Theorem 110.11 leads to the following corollary. 
A result of this type was obtained by Adamjan-Arov-Krem in the context of the 
Nehari problem in [3], see also [35]. 
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Corollary 10.4. Suppose that we are given the data set 

{U',IC'), {U",IC"), /C^c/C', IClcIC" 
for a Lifting Problem, that we set 

a'{dt) = {iK'^^K')* Eu'{dt)iK.'^^K' , (j"{dt) = {ik'^^K")* Eu"{dt)i)c'^^K.„ 
and that we let sq an C{lC'j_,lC"_) -valued measure so that 

Construct measures si and S2 as maximal factorable minorants as in (jlO.Sp — (jl0.9p 
in Theorem \10.1\ and define s as in (|9.10p . Then sq is the central- measure symbol 
for the Lifting Problem associated with the operator X — so(T) G C{IC'_^, /C" ) if and 
only if s" is analytic, J(T) = and condition (jlO.lSp holds. In this case S° as in 
()9.3p is the associated central characteristic measure. 

11. The classical Nehari problem 

In this section we use the classical Nehari problem as an illustration of our re- 
sults for the general Lifting Problem. The classical Nehari problem (time-domain 
version) can be stated as follows: given a sequence {7n}n=-i,-2.... of complex num- 
bers indexed by the negative integers, characterize all continuations {7n}n=o,i,2.... 
so that the bi-infinite Toeplitz matrix Te = [7i_j]ijgz has \\Te\\ < 1 as an operator 
on P (Z) . This can be put in the form of a Lifting Problem with data set 

K' = K" = U' =U" = J (the bilateral shift), /C^ = K"_ = ^^(Z_), 

X - [7»-j]»GZ- : ^'(Z+) ^ ^{1^). 

The equivalent frequency-domain version is: given the complex sequence {jn}nei,-y 
characterize all L°° -functions ip on the unit circle T with Fourier series represen- 
tation (p{t) — J2'^=-oo Vnt"" so that 

\\(p\\oo < 1 and ipn = 7„ for n = -1, -2, -3, . . . . 

If we follow the conventions of Remark 17.31 then the symbol {wY}nei, for a 
solution Y of the time-domain problem is connected with the corresponding solution 
if of the frequency-domain problem according to the formula 

oo 

^{t)= J2 W(n + l)t", 

n— — oo 

i.e., if we let wyit) = X]^-oo ^^^^ 'fi^) ~ t^^wyit)- The Redheffer 

parametrization for the set of all solutions of the frequency-domain problem then 
has the form 

ip{t) = t'ho{t) -I- t~h2{t){l - uj{t)s{t))~^uj{t)si{t) 

for a free-parameter Schur-class function lu, where sq: si, S2, s are as in (|7.6p . If we 
set 

so{t)^t~^so{t), Mt)^t-^S2{t), s(t)^s{t), Si(i) = Si(t), (11.1) 
then the formula 

^(t) ^so{t) +S2{t){l ^ uj{t)'^{t))-^uj(t)si(t) (11.2) 
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becomes the parametrization of the set of aU sohitions of the frequency-domain 
classical Nehari problem associated with the sequence {7„ = [s'o]„}„=-i,-2,... where 
So(i) = X]5^-cx)Po]ni" is the central solution. If we model K.' and IC" as with 
both scale operators given by c G C i— c G L^, then the central characteristic 
measure given by (|9.2p becomes a multiple of Lebesgue measure: 



So 



In this section we simplify notation and write simply Eq for the density against 
Lebesgue measure (i.e., we drop the -m factor). 

With all these conventions in order, the inverse problem can be formulated simply 



1 


s 





Si 


s* 


1 


^2 








S2 


1 


So 


^1 





^0 


1 



as: characterize which 2x2 L°° -matrices ~ arise as the Redheffer coefficient 
matrix for a frequency- domain classical Nehari problem. Obviously a necessary 
condition is that ||so||cx3 < 1- In case log(l — |so(t)P) is not integrable with respect 
to Lebesgue measure over T, then the solution of the associated Nehari problem is 
unique; hence, for So to be the central solution for an indeterminate problem, it is 
also necessary that log(l — |so(^)P) be integrable. In this case, it is well known (see 
e.g. [28]) that there is a unique outer function a with a(0) > so that 

\a{t)\^ = 1 - |so(i)P a.c. for t e T. (11.3) 

From Theorem 110.11 (with the appropriate adjustments caused by (lll.ip ). we see 
that then necessarily sq determines s^i and S2 uniquely up to unimodular constant 
factors 

si = S2 = a. (11.4) 

According to formula ()10.16|) in Theorem 1 10.3| s is then essentially uniquely deter- 
mined by the condition 



1 



so 



1 



So 
1 



-1 





a 




a 






_ So 



a 
1 



aa 



(where we use 1 — |soP = aa) 



from which we read off that necessarily 



(11.5) 



For our setting here (with coefficient spaces chosen to be C rather than the whole 
spaces IC'_^ = ^^(2+) and /C" = i?^(Z_)), condition (|10.17p translates simply to 



s(0) = 0. 

A pair (a, b) that satisfies the above properties, namely 

(1) a,beH°", 

(2) a is outer, 6(0) = 0, and 

(3) |ap + |6p = 1 almost everywhere, 
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(11.6) 



is called a ^-generating pair in the sense that any function <p of the form (jll.2p 
with 's, s^i , S2 , So given by 



s Si 
S2 So 



a 



(11.7) 

-ij [v]-2, • ■ • independent of the 



has 1 1 <^ I loo < 1 with negative Fourier coefficients 
choice of free-parameter Schur-class function lj. 

If it is the case that the formula (lll.2p parametrizes the set of all solutions of 
a Nehari problem, it is then said that (a, b) is a Nehari pair. It is known that not 
every 7-generating pair is a Nehari pair — see (39l |40l [41] for background on this and 
for some more refined results. The following characterization of Nehari pairs was 
obtained in [301 . We now show how the result can be obtained as a corollary of 
Theorem [ 



Theorem 11.1. |40[ 142] A ^-generating pair {a,b) is a Nehari pair if and only if 
{in addition to conditions (1) — (3) above) (a, b) satisfies the fourth condition 



b 



G clos 



ah 

Py2J_ Sg/l 



(11. 



wh' 



ere sq 



-=b. 



Proof. By Theorem 19.31 above, properties (|9.8p complete the list of necessary and 
sufficient conditions for a given 7-generating pair (a, b) to be a Nehari pair. When 
specialized to the Nehari problem, they read as follows: a 7-generating pair (a, b) 
is a Nehari pair if and only if 



= clos 
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b 
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So 
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So 


1_ 







G clos 



"1 
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So 




H2± 
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So 


1_ 




tH^ 



(11.9) 



and 



= clos 
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So 
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Q clos 
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So 
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a 





So 


1_ 







(11.10) 



Since for every 7-generating pair both sides of (jll.9p are of dimension one and 

16 a' 

b 1 a 

a 1 So 

a So 1 

then (for 7-generating pairs) (jll.9l) is equivalent to 



"1" 




b 







_L 
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jj2± 




tH^ 



'1 
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b 
1 

a 

to 
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a 
1 
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So 
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jj2± 




ij2 



(11.11) 



By a similar argument we see that (jll.lOl) is equivalent to 
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G clos 
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So 
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(11.12) 



We first note some general principles concerning the space . Since S = 
[afg] {t) is unitary for almost all t G T, it can be seen as a consequence of Theo- 

rem 13. 71 and some Schur-complement computations that / — 



only if 



/; 
/: 
/4J 



is in if and 



f e L and 



(11.13) 



This, in particular, implies that for every / G we have 
f 



7i" 




"0" 




'h 


/2 
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= % 


/2 




= % 




h 


h 




A 








It then follows that 



l/ll 



£^0 



and 11/11 



L2 



From the first equality in (|11.14p we see that (jll.lip is equivalent to 

G clos 



a 
So 1 



(11.14) 



(11.15) 



where now this closure and all closures to follow are computed in the L^-metric. 
The latter condition is equivalent to 



G closPfj2 



b 

a - a(0) 

From the second equality in (I11.14p we see that (|ll.lll) is also equivalent to 



(11.16) 
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which in turn is equivalent to 



G clos 



a 

1 So 



i?2 



G closPff2 



(11.17) 



(11.18) 



Similarly, the first of equations (|11.14p converts pi.lOp to the equivalent form 

[6] 



t 



G clos 



a 

1 So 



which in turn can be rewritten as 

b/t 

a-a(O) 
t 



G c\os Ph2 
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(11.19) 



(11.20) 



while the second of equations (|11.14[) can be used to convert (Ill.lOp to the seemingly 
different equivalent form 



e Clos 



a 
Sq 



H2± 
i/2 



which in turn can be rewritten as 

1 



g closP^2j 



H 



2± 



(11.21) 



(11.22) 



Next observe that pi.l9p is just the complex-conjugate version of pi.l5p and 
hence (|11.19p and (Ill.lSp are equivalent. We conclude that in fact (|11.9p and (jll.lOp 
are equivalent to each other. Alternatively, to arrive at the same result, observe 
that (|11.17p and (|11.2ip are complex-conjugate versions of each other, from which 
it follows that (|11.9p and (jll.lOp are equivalent to each other. 

Thus the 7-gcncrating pair is a Nehari pair exactly when any one of the equivalent 
conditions (|11.16p . pi.lSp . (|11.20l) . or (|11.22p holds. In particular, we choose 
condition (|11.16p to arrive at condition (Ill.Sp in Theorem lll.il □ 

Remark 11.2. It is known (see j|56,, Section 6]) that 7-generating pairs (a, 6) are 
in one-to-one correspondence with extreme points of the unit ball of via / = 
(a/(l-6)) and via the same formula Nehari pairs are in one-to-one correspondence 
with exposed points for the unit ball of H^. The above characterization of Nehari 
pairs is, at the same time, the best known characterization of exposed points. 



Remark 11.3. 

alent to 



We note also that (for 7-generating pairs) (|11.9p / (jll.lOp is equiv- 



S := 
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(11.23) 



which is (|9J)) . Indeed, if (fTO)) / (jll.lOp hold true, then (as in Theorems [Ol and 
19. 3p 5 is a *-cyclic reducing subspace, therefore, it agrees with L^°. Conversely, 
assume that equality in (|11.23p holds. We check directly that 
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(11.24) 



From the decomposition pi.23p we conclude that 
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Combining this with (|11.24p we see that 
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This implies the equahty in (lll.9|) since both sides there are of dimension one. By 
a similar argument we get the equality in (Ill.lOp . 

The equality in (|11.23p can be restated equivalently as follows: / € is 
orthogonal to 5, if and only if / = 0. On the other hand, / € is orthogonal 
to 5, if and only if /i, /s are in and /2, fi are in H^^. In view of (|11.13l) this 
means that equality in (111.23^ is equivalent to the property that the equation 



S* 



u+ 






with 




e and 



















e H 



2± 



(11.25) 



has only the trivial solution, where S* is as in (jll.7p . Thus, we get an alternative 
characterization of Nehari pairs (that also was obtained in [301 SI] ) ■ 

Theorem 11.4. [40ll42] A 7-generating pair is a Nehari pair if and only if (|11.25p 
has only the trivial solution. 

Remark 11.5. In the context of the scalar Nehari problem, the parametrization 
formula (|7.12p reads in our terms as 

(11.26) 
is the 



My,\H2 = r + $22V/-r*r + 'i>2Mi - $iia;)-i$i2%// - r*r 

where T is the given Hankel operator from H'^ to H'^^, A/^jiJ^: H"^ 



restriction to of the multiplication operator : /(i) H> w{t)f{t) on and w 
is a solution of the given Nehari problem, and uj is the free-parameter Schur-class 
function (see (|7.10p and (|7.12p ). The Redheffer coefficient matrix 4* of [31] (see 
(|7.1ip ) simplifies to 





^-12' 




r hi 1 




shi + Si/l2 


*21 


*22 




y/I - T*Th2 




J2hl + Pff2So/l2 



hi,h2eH^; (11.27) 



s,si,S2,so arise from a 7-generating pair (a, 5) as in (lll.7p . From the unitary 
property of ~^ 2i as a multiplication operator on © and the fact that 

P//2iSo|/f2 = r, it follows that is isometric as an operator from 

^2 (the equality holds since the problem is indeterminate) to 
also coisometric exactly when the set 

shi + Si/l2 



Ran(/-r*r) 



Hence 4' is 



hi,h2 e 



(11.28) 



52^1 + -Pff2So/l2 

is dense in H'^ © H"^ . 

Note, that in the first entry of the initial space for and in both entries 
of the target space for 5* should be understood as (C) since Vp- , Q and Vt' are 
all of dimension one, while in the second entry of the initial space for is I?r- 

— S S\ 

Conversely, given any matrix S — ~ arising from a 7-generating pair 

(a, b) as in (jll.7p . Define a Hankel operator as F = P/f2iSo|//2 and a matrix 

1'= : ® ^ (S 

^21 y^22 

as in (|11.27p . Then * is an isometry. Assume that (|11.28p is dense in H'^ <3) H^. 
Then is a coisometry. Hence, Theorem 0.3 of [31 applies to this 5'. The theorem 
tells us that 4" is the Redheffer coefficient matrix as in (|7.12l) for some (in general not 
unique) relaxed commutant lifting problem. The data of such a problem presented 
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in the proof of Theorem 0.3 in [31 is as fohows: A : C (B 



is a projection 



on the first entry, T' = on C, i? is a certain contraction from a certain subspace 
J" C ff^ to C ® i/^ and Q is an embedding of F into C® H^. 

However, the density property of (|11.28p can be equivalently formulated as: the 
equation 



s* 


u+ 








u+ 












V- 











has only the trivial solution. In view of Theorem 111.41 above . the latter is equivalent 
to the property that S is the Redheffer coefficient matrix for a Nehari problem. We 
conclude that: the operator ^> (|11.27l) is coisometric (and hence unitary) if and 

only if ~J is the Redheffer coefficient matrix (in the sense of the present paper) 
for a Nehari problem. Thus, in this case the RCL problem can be taken to have 
the special form of a Nehari problem. In this way we arrive at an improved version 
(in the context of the Nehari problem) of the result from [3T] . 
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